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Design and extension of higher-Order derivative-free iterative
methods for nonlinear systems

Tugal Zhanlav, Khuder Otgondor;j*

Abstract. In this paper, we propose derivative-free two- and three-step iterative
methods with easy implementation. Moreover, we suggest suitable parameter choices
that guarantee a local convergence order p from four to eight. They require only one
matrix inversion at each iteration step and belong to the class of best iterations with high
efficiency indices. Several of the proposed algorithms are multidimensional extensions of
well-known scalar iterative methods. Numerical experiments are presented to verify the
theoretical orders of convergence and to demonstrate the computational efficiency of the
proposed methods.

1. Introduction

In the last two decades, many derivative-free and derivative-based iterative methods
for solving systems of nonlinear equations have been developed [1-3, 10-21], and
references therein. In particular, since 2020, iterative methods in R™ with point-
wise operations (multiplication and division) have been proposed [4,5,9-12]. Main
advantages of these iterations are that they belong to the class of high efficient methods
due to their vector coefficients. Motivated by this, in this paper we aim to develop
derivative-free iterations with a simple and useful implementation algorithm, which is
very important from the view of practical applications. The local convergence analysis
is based on some assumptions about the operator F' and utilizes properties of the
divided difference operator and permutation properties of the g— derivative (¢ > 1)
of F [3]. The structure of the paper is organized as follows. Section 2 is devoted to
the construction of two-step derivative-free iterations. We formulate the necessary and
sufficient conditions for two-step methods to be fourth- and fifth-order of convergence.
The proposed fourth order iterations turn out to be extensions of two-point iterations
for solving nonlinear equations to multidimensional cases. In section 3 the higher-order
derivative-free three-step iterations are considered. We propose a family of derivative-free
iterations with p order of convergence (p = 6, 7,8) and with high efficiency. The obtained
iterations are extensions of some well-known iterations for solving nonlinear equations to
multidimensional cases. In section 4 we propose a family of concrete sixth and seventh-
and eighth-order derivative-free iterations with an easy implementation algorithm. In
section 5 we present results of numerical experiments to confirm the convergence order
and performance of proposed methods.
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2. Two-step derivative-free iterations
We consider two-step iteration

Yk = Tp — [T), wi; F)7HF (3),

1 (2.1)
Tr1 = Yk — Te[vr, wi; F]™F(yw),
where [z, wg; F| is the first-order divided difference operator, i.e.,
[z, wg; Fl(wg — x) = F(wg) — F(xg), (2.2)

wy =z + yF(2r), v € R\ {0},

and Ty, is free parameter (or coefficient of iteration (2.1)). In the following we assume
that F': D C R™ — R" is sufficiently differentiable and D is an open and convex subset
of R™. F'(z) is nonsingular at point * and zy € R™ is close enough to solution z* of the
equation F'(z) = 0. For local convergence analysis often used Taylor expansion of vector
function F' and permutation properties of g-derivative of F. Let R™ be n-dimensional
space with multiplication and division operations of vectors [4,5,9-12].

In [7] it was shown that the two-step derivative-free iteration converges with fourth
and fifth-order if only if the parameter T}, satisfies

Ty = I+ 2m + Ax, + O(h?), (2.3)
and
Tw = I+ 2y + 507 + 3dy + Ag + By + 2np. Ay, + O(h3), h = O(F(xy)), (2.4)

respectively. Here

e = 3F/ @) F (@) F' ()™ F(o),

1 (2.5)
dy, = —gF'(Ik)_lF”'(%)(F'(mk)_lF(xk))27
A = 3 () o) F ),
: (2.6)
By, = 5F'($k)_1F'"($k)72F(SUk)2-

From (2.5) and (2.6), we see that 0y = O(h), Ay = O(h), dr = O(h?), By, = O(h?). Our
task is to express T} by means of vectors:

Fyr) F(yx) F(wy,)

O = Flan)’ rE =

and prove the following.

THEOREM 1. The local convergence order of iteration (2.1) is equal to four, if and
only if Ty, satisfies

T = 1+ 2l + O(h?), (2.8)

where

O + 7%
I, = 5 .
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Proof. Taylor expansion of F'(wy) at point zj and first order divided difference given
by (2.2) gives

[Tg, wi; F] = F'(x3)(I + Ag) + O(h?), Ay = O(h). (2.9)
Then, we obtain
[k, wis F]7 ' F(zy) = (1 — Ap)ée + O(h?), & = F'(zy) ' F(p). (2.10)
By virtue of permutation properties of g—derivative, we have
Ay = yF'(21)ne = Y[z, wr; FI(I — Ap)ne = Ay + O(R?). (2.11)
By using Taylor expansion of F(yi) at point zj and (2.11) one can easily obtain

Ok = Ap + i + O(R®) = (1 + A)yi, + O(h?),

or
Oy 9
= . 2.12
=TA +O(h7) (2.12)
Substituting (2.11) and (2.12) into (2.3), we obtain
2+ A 5
T, =1+ —— A= s F. 2.1
K =1+ 1+A®k+0(h ) V[wk, wi; F (2.13)
2+ A
—— 0O, = 2.14
1+ A@k O + 1k ( )
Using (2.14) in (2.13), we obtain (2.8). O

understood as (I + A)~L. The iteration (2.1)

with parameter given by (2.8) can be considered as extension of schemes given in [8] to
multidimensional case.

In what following the notation

REMARK 1. IfT, =1+ O(h), then the order of the iteration (2.1) decreases by one
unit; that is, it has third-order convergence.

REMARK 2. In some cases, v is represented in a wvariable form as: v =y =
(F(zk))™, m>1 see, for example [16]. For m =1, we have A = ~y[xy, wi; F] =
F(zi)[zk, wi; F] = O(h). Therefore, the formula (2.8) becomes

Ty =1+ 20, + O(h?). (2.15)

REMARK 3. Instead of (2.8) one can use the following parameterized expression

1+ alg +bl,%

T:
Pl (0= 2)l + 2

a,b,d € R. (2.16)

Thus, we have a family of fourth-order iterations (2.1) with (2.16), which contain four
parameter 7, a,b and d. When A = 0, I, = Oy, the formula (2.16) leads to

1+ aOy +b@i

T:
T 14+ (a—2)0, +dO2’

a,b,d € R, (2.17)
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which is the well-known necessary and sufficient condition [10], [11] for fourth order
two-step iteration

yr = o — F'(z) " F ()

- (2.18)
Thi1 = yr — TeF' (1) " F(yk).
Now, we consider some particular cases of (2.16).
(1) b=d=0and a =03, S €R. Then (2.16) becomes as:
1+ Bl
Th = ———. 2.19
“TIo(o2n (2.19)

The iteration (2.1) with parameter T}, given by (2.19) is derivative-free extension
of King’s iterations.

(2) Let b=0, d=1, a =0. Then (2.16) becomes as:
1

(T —1k)*
The iteration (2.1) with parameter T} given by (2.20) is derivative-free extension
of Kung and Tranb’s iterations.

(3) Let a=1, b= —1, d = 0. Then (2.16) becomes as:

1+ -1}

Tp=— "k

AR A

The iteration (2.1) with parameter given by (2.21) is derivative-free extension of

Maheshwari’s iteration.

Besides (2.19), (2.20), and (2.21), we propose concrete schemes (2.1) with T}, satisfying
the condition (2.8):

Ty, = (2.20)

(2.21)

O + 71

T, =14+ —m——— 2.22

k +1—|—C@k+d7‘k7 ( 2)
[Tk, wi; F)F [k, w]

T = : 2.22h

F F[xkayk]F[ykvwk] ( )
1

T, = , 2.22¢
© = T wn; FI (Flgenwn] + Flzegn] — Flzwi]) (2.22c)

Tk 1 —2@k F[xk,wk] (222d)

11— 360 [.’L‘k,wk;F]_lF[ykvwk]’

where Flug;vi] = M

UV — Uk
Table 1: for T},
Tk B
(2.22a) —[c+ fiz a +dA)2]
(2.22) A?1++3§)J2r 3
(2.22¢) ﬁii)? 1
(2.22d) 3+ At N




24 TUGAL ZHANLAV, KHUDER OTGONDORJ*

where

!

(wy) _ 3
Flon) (I+A)(1+0(h?)),

Flag, yr] = [og, wi; F1(1 — t1),
Flay, wi] = [z, we; F](1+ O(R?)),

Flye,wn] = [ wis F(1— =) + O0),
5(%?) - 1?—kA +O(?).

(2.23)

The iteration (2.1) with Ty given by (2.22a) (¢ = d = 0) can be considered as extension
of (K-A) Khattri-Agarwal iteration in [14]. The iteration (2.1) with T} given by (2.22b)
is extension of derivative-free iteration given in [15]. To obtain fifth-order iteration (2.1),

we aim to express (2.4) by means of vectors

~ Flys)  F(Q%) — 9re — e an F(wy)
O = Flan) Flay) ¢ 2w ad oy

If we take next O(h?) term in (2.9), (2.10) and (2.11) into account, we get

[zg, wi; F] Y F(xy,) = (I — A — By + A2)F'(x) " F(z) + O(hY).
As a consequence, we have
_ Any,
14 Ang
Taylor expansion of F(yg), F(Q) and F(wy) at point xy give

F(y) 3
= =Ry +n(I —2A;) +di +O(h
Oy F(CL’k) Ry, nk( k) k O( )7

k

F(Q)

=21 — Ry, + ni(I — 24;) — di, + O(h®),
For) K+ M( k) — di (R%)

F(wy)

i = (I +A)(I — Ry) + A% (I — 24) — A3dy, + O(h3),
(zk)

where
Ry, = Ay, + By, — A2,
By virtue of (2.26), we have
Ry, = A — A%dy — 20%0; + O(h%),
Using (2.31) in (2.27), we get
Ny = ﬁ@k + (A = 1)dg + 2473 + O(h?).

Thereby
1
2 2 3

+O(h3) = Ay, — A% + O(h3), By, = —A%d), + O(h?).

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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Also, from (2.27)-(2.29), we find

dk2.1+2F(wk)_(k)_F(xk)+O(h3)
F(w
2(2.1_F(x:))
1+rkfl(@k+F(Q’“))
2 F(xy)
- TS, P4 O(h®).

We are now ready to prove the following result.

(2.34)

THEOREM 2. The local convergence order of iteration (2.1) equal to five, if and only
if the parameter Ty, satisfies

T, =1+0O; +7r, + @i + 401y + trdy, + O(hg), (2.35)
where dy, is given by formula (2.34).

Proof. 'To prove theorem it is enough to show that the condition (2.4) is equivalent
to (2.35). Substituting (2.33) into (2.32), we have

_ 1 24 2 3
By (2.31), we get
e Ay = Ang + O(h?), (2.37)
Ay + By, = Ay, — A%nf — A2%dy + O(R). (2.38)

Substituting (2.37) and (2.38) into (2.4), we get
T =1+ (24 A + (5424 — A% + (3 — A?)dy + O(h%).

Using (2.33) and (2.36) on last expression, we arrive at

2+ A 54 6A+ A2 3
T, =1 S} S} 14+ A)di + O(Rh?). 2.39
Using (2.14) in (2.39), we get (2.35). The converse is obvious. O

When A =0 or v = 0 the iteration (2.1) leads to
yr = xx, — F'(2x) " F(a),

g (2.40)
1 = Y — TiF" (1) " F(yn),
and the condition (2.35) becomes as
Ty = 1+ 20y, + 507 + di, + O(h%). (2.41)

In passing, we obtain the following result.
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THEOREM 3. The local convergence order of the iteration (2.40) equal to five, if and
only if the parameter Ty, satisfies (2.41), in which dy is defined by

_ o L(F()
dp=1- Z(F(x:) - @k> + O(h?). (2.42)

This is a direct consequence of Theorem 2.

3. Three step derivative-free iterations
Now, we consider three-step iterations
Yk = p — [2, wi; F] 7 F (),

2k = Yk —Tk[xk,wk;F]ilF(yk), (3.1)
Tp1 = 2k — Hylaog, w; F]7HF (21).
The first two sub steps in (3.1) are the same as in (2.1). T}, and Hy, are free parameters.

Assume that F'(z;) = O(h?) p > 3. Then it is known that [6] the local convergence order
of iterations (3.1) equal to p+ 2, p+ 3 and p + 4 if and only if H, satisfies

Hy = I+ 2 + A + O(h?), (3.2a)
Hy, = I+ 2ny, + 607 + 3dg + Ay + By, + 2np. Ay, + O(h?), (3.2b)
Hy, = I 4 2ny, + 607 4 3dy + Cp + 2003 + 20mdy, + Ay, + By, (3.2¢)

+ Dy, + 20 (Ax + By) + (617, + 3dx) Ay, + O(h?),
where 7y, di, Ax and By are given by (2.5), (2.6) and
1
Cr = G F" () FUY) () (F (k) ™ F (o)),
_ L
e
A direct consequence of Theorem 1, 2 and Theorem 3 in [7] is the following.

Dy, F' () FUY) () (7 F ().

THEOREM 4. The local convergence order of iteration (3.1) equal to siz if and only
if Ty, and Hy, satisfy the following condition

T, = Hy, = 1+ 203, + O(h?). (3.4)

REMARK 4. Theorem 4 is valid for the following choices
_ 1+ allk + bll’%
1 + (a1 — Q)Zk + dll%7

1+ @ly + bol? _
; a1, bi,c1,00,b9,dy € R
14 (an — 2)lg +dpt2’ 0T TR

Ty

Hy, =

THEOREM 5. The iterative method (3.1) has local convergence order seven (respec-
tively, eight) if and only if Ty, satisfies (2.35) and Hy, satisfies

Hk=1—|-@k+7"k+0(h2), (3.6)
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and
Hy, =1+ Oy + 1 + 07 + 4057 + 1} + trdy, + O(R?), (3.7)
where dy, is defined in (2.42).

Proof. The seventh-order of convergence is obvious, since F(zx) = O(h%) i.e., p=5
according to Theorem 2 and (p + 2) convergence condition (3.2a) can be rewritten as
(3.6) in the same way as (2.8) for T). Analogously, the (p + 3) convergence condition
(3.2b) can be rewritten as (3.7) in term of ©y. O

Note that, instead of (3.4), (3.6) can be used parameterized formula (2.16). In this
case, we have a family of iterations (3.1) with free parameters «,a,b,d € R. Another
iterations with eight-order of convergence can be constructed by using condition (3.2¢)
(p+4) order of convergence. Now, we consider this case in more details. Assume that
T}, satisfies

T =1+0 47, +pO1 ++0} +..., B,y ER. (3.8)
Of course, it is easy to show that T}, defined by (2.8) or (2.16) can be rewritten as (3.8)
with some constants $ and . Our task is to find easily implementation algorithm for
(3.2¢) as (3.7). To do this we first express Ay, By, and Dy, in term of g, d, and Cj. Using
Taylor expansion of F'(wy) at point xy, we have

(2, wi; F] = F'(x)(I + Ay, + By, + Di) + O(h?). (3.9)
From (3.9) immediately follows that

[xk,wk;F]_lF’(xk) = (I + A + By, + Dk)_l (3 10)
=1— Ay — By — Dy + A7 +2A, By, — A3 + O(h*). '
Using (3.9), we have

Ay, = vF' (zi)ne = A — Ay, — By — Dy + A + 245 By — Ad)ne + O(R°),  (3.11)

or
Any, 2 4
Ay =———I—-Bp+ A 12
k I+Ank< k+ Ax) + O(h%), (3.12)
Az = (B 2 +O(hY) = A%pE(I — 2Am;) + O(hY) (3.13)
k I+ Any k k ’ '
AY = APn} + O(hh).
Analogously, we have
A3
Dy = —-Cr + O(h%), (3.14)
and
Bk = 7(’7F’(Ik))2dk = 7A2(I - 2Ak)dk + O(h4) (315)

If we take (3.13) and (3.15) into account in (3.11) then we get
Ay = Any, — A%} + 20308 + Adndy, + O(RY). (3.16)
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So (3.15) becomes as
By, = —A?%dy, + 203, + O(h%). (3.17)
Substituting (3.14), (3.16) and (3.17) into (3.2c), we get

Hy, =T+ (2+ A)gg + (6 4+ 2A — A)ni + (3 — A?)dy + (3A% — 2A2
A3 (3.18)
+ 3A + 20)dini + (2A% — 2A% + 6A +20)n3 + (1 + T)Ck + O(hY).

Now, we will establish the connection between 7, and ©,. Using Taylor expansion of
smooth enough vector function F(yy), F(z) and after some manipulations we obtain

F'(xp) ' F'(y) =T — 20, (I — Ay, — By, + A2) — 3di(I — 24;) — C + O(hY), (3.19)

and
F
O = T _ g 4 By A2 (T - 240) + du(I — 3A%) + Dy
F(xy) (3.20)
1
+ AR = 244 By + (347, — 2Br)mi + 7Ck + O(HY),
and
F(zp) 2 4
=1-Tp,S+1T;P+ O(h"), 3.21
F(yk) k k ( ) ( )
where
S = F/(Ltk)_lF/(yk)[;Ck, W, F]_lF’(xk),
1 / —1 —1 g 2 -1 (3‘22)
P= g F(wr) ™ F (yn) (2w, wis FI7F (22) )" F (2) = F (ye).
It is easy to show that using (3.14), (3.16) and (3.17) in (3.20), we get
Ok 2A 9 3A2 3
= +(A-1)dy+ —=09i + ——=9i
ey (W NEA AN C WAL (3.23)
AZ-A+1 1
— Adp©y — fC’k + O(h?).
As a consequence of (3.23) we have
03 2(A—-1) 4A
2 _ k 3 4
(N ER N Ordi + (1+A)3@k+0(h ) (3.24)
o3 '
3 _ k 4
Using (3.10), (3.19) in (3.22), we get
S =1— A — By + A} — 2, + 4 Ay, — 3dy, + O(h?), (3.25)

and
P = ni[Ap + By, — AR + ne(I — 245) + di) (I — 2A5) + 3di(Ar + i) + O(h), (3.26)

in which we have used F"(yx) = F"(z1) + F"' (zr)(yx —xk) + O(h?). By virtue of
(3.16), (3.17) and (3.23), one can rewrite (3.25) and (3.26) as

2 A2
S—1- 2720, - (At 1)dy + AdyOy +

— 2 4
A C + O(hY), (3.27)
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and
@i A 4
P = 2 .
1+A+( +2)Odi + O(h%)
Now, using (3.23) in (3.18) and (3.8), (3.27), (3.28) in (3.21), we obtain
2+ A 6+ 6A + A?
Hyp =14+ —+ A+1 —— 0 + (A
k +1+A@k+( +1)d + NG O + (A +8)0rdy
A3+ 12A% +30A+20, ., A2—A-2 4
(1 +A)‘3 kE 4 Ck +O(h )a

29

(3.28)

(3.29)

LEMMA 1. Let F(x) be five times continuous differentiable function on D. Then

holds
_ 24+ A
[F' ()] F' (yx) = I= 1Ak~ (A + 1)dy
AZ—-A-2
+3AOdy + ————=Cy + O(hY).

4

Proof. Using Taylor expansion of F’(y;) at point z, we have
F///(xk)

2
F//l (l’k)

3!

2

F'(yr) = F'(x) + F" (xx) [yr — wx]+ (yi — k)

+ (yk — 2x)® + O(h%),

where
yr — ox = —[wg, wy; F] 7 F(2y) = (I + Ag + By, + Di) &k,
& = [F' ()]~ F ().
Using relation (3.23) on (3.16), we obtain
A A? AP

— 2 — —
Ay, _71+A®k+(1+A)29k+A(A 1)dk+(l+A)3®k
A2(1— 2A) AA2—A+1) )
T@kdk - 1 atom)

Using (3.14), (3.15) and (3.33), we get

(I+Ak+Bk+Dk)_l :I—Ak—Bk—Dk-l-A%-i-QAkBk—Ai—‘rO(hzl)
A 3A2
A(l - A)

it O(h").

+
From (3.31), it follows that

[F' ()] F (yp) = T — 201 (I — Ap — By, + A2) — 3di (I — 2A;) — Cy, + O(RY),

in which we have used (3.32) and (3.34). Substituting (3.23), (3.33) and

2A3
By = —AQdk + 2A3’17kdk = —A2dk + T A@kdk + O(h4),

into (3.35), we get (3.30).

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

O
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LEMMA 2. Let F(x) be five-times continuously differentiable function on D. Then

holds
F 2+ A\? 1
FE;’;;=<(11A> +1+A—B>®i+(A+1)dk

2+A 2+A)\ 43 (3.37)
+<B1+A 7+(1+A)>®

2 _ _
F- Ao - SR e o),

Proof.  Using (3.30), (3.34) in (3.22), we obtain
2+A AZ—A-2

Sp=1-— T@k ( 1)dk + 3A0OLd;, + 1 Ccr + O(h4), (3.38)
and
4
Po= 1 A@ 1 (A +2)Oudy + O(RY), (3.39)
Substituting (3.8), (3.38) and (3.39) into (3.21), we immediately obtain (3.37). O

Note that in proof of lemma 1 and 2, we essentially use the permutation properties of
q— linear operators [3]. Now we are ready to prove the following theorem.

THEOREM 6. The local convergence order of iteration (3.1) equal to eight, if and
only if the parameter Ty, satisfies condition (3.8) and Hy, satisfies

Hy =T, + Oyt + (0 + 1) ((8 — 1)02 —72) + (14 2(0) + 1)) Sk (3.40)
where
F(y) F(yx) _ F(z)
Ok = Flan) ™= Fwn) = Flg)

Proof. From (3.29) and (3.37), it follows that

F(z) 24+ A 1 9
Hy, — =1 .
T Fn) I AT <B+ A) O+
52+A A3 +10A? +24A + 16 o3 (3.41)
14+ A (1+A)3 k

+2(2 + A)Oydy, + O(h?),
or
L 24A 1 9 2+ A
Hk—1+1+ 9k+<5+1+A)9k+< 5m
(A+2)(A%+8A+38)Y .4
TN 0% +2(2+A)

From (3.37), we find that

d = HlA(ig’;g + (ﬁ - 1+1A - (fii)?@i) + O, (3.43)

Fla) (3.42)
F(yr)

(n%).
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Table 2: For p

Te 66 (2.35) (3.8) (2.35) (3.8)
Hy, 66 (3.6) (3.45) (3.7) (3.40)
p 6 7 8

Substituting (3.43) into (3.42) we obtain

L 24A 1 )
24 A 24+AAZ+2A 42\
- 44
+(’”51+A 1+A (1142 )G)k (3:44)
2+ A\ F(z) .
+ 1142 (C] + O(h%).
( 1+A k)F(yk) )
Using (2.14) in (3.44), we get (3.40). O

The formulas (3.8) and (3.44) are extension of formulas (3.23) and (3.24) in [8] to
multidimensional case. When A = 0 the formulas (3.8) and (3.40) lead to

Tp = 1420 + BOF + 7O} + -+,
and
F(zy)
F(yk)

which are the necessary and sufficient conditions for eighth-order derivative-based three-
step iterations [9].

H,=1+20; 4 (8+1)0; + (v +28 —4)0] + (1 +46y) +O(h%),

REMARK 5. If we ignore the O(h3) terms in (3.44), we obtain

F
Hy =1+ 0+ 1+ BO + Opry, + ng; +0(h%), (3.45)
k

which is (together with (3.8)) sufficient seventh-order convergence condition [11] for
iterations (3.1).

Summarizing the results of theorems we present in Table 2 the order p of convergence
of iterations (3.1) and corresponding choices of parameters T}, and Hj,.

REMARK 6. The proposed iterations (2.1) and (3.1) with vector coefficients require
only one matriz inversion at each iteration step. So they belong to the class of the best
iterations with high efficiency indices [13].

4. Construction and extension of higher-order derivative-free iterations

In order to construct concrete iterations (3.1) we use, besides of (2.23), the following
easily verifying relations for divided difference:
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Flo ] = 2251 = s, 28 — (14 A)(1+ 00#), (1.10)
_ Flz)
Plows 2 = lows s Fl gl Flyg, ] = [onwis FI(1— 1 25) +O),
(4.1b)
Flzy, wi] = [zx, wi; F](1 + O(h3)), (4.1¢)
1 1 9 3
F[zk,wk} = [l’k,wk;F] <1 — 1+A®k — 1+A@k) —‘rO(h )

We assume that T}, in the second step of (3.1) satisfies the condition (2.8) that guarantees
F(z) = O(h*). Let Hg in (3.1) be a form

1+ A0, + B@z + wSk
[zk, wi; F]~ Y ([aF [zg, 2] + bF [2k, yi] + CFlzg, yi])’ (4.2)
a+b+c=1, a,b,c€ R,

Hy, =

where
2+ A

w=1-b, d,="—"—. (43)

A=(1=b)(di—1), B=(8—do)(1—b)+— A

a
1+ A7
THEOREM 7. The iteration (3.1) with (2.8) and (4.2) has the order of convergence

Seven.

Proof. Using formulas (4.1) it is easy to show that

[, WE; F]_l(aF[wk, zk] + bF [zi, k) + cF ek, yk]) =1+ (a+ b+ bofk)@k
+ [a(dr — 1) + b(B — d2) + (a + ¢ + bd},)|O + bSk + O(h?).

The comparison of the seventh-order convergence condition (3.45) and (4.2), (4.4) gives
us

~ 1 ~ ~
1+dk@k+(ﬂ+m)6§+5k:1+(A+a+b+c+bdk)6k+{B+a(dk—1)
+b(8—d2) + (a+c+bdy)? + Ala+ ¢+ bdy) }Or + (w + b)s,

that holds for (4.3). O

Note that formula (4.2) is an extension of formula (32) in [21] to the multidimensional
case.

REMARK 7. If we ignore the terms with order O(h?) in (4.2) then (4.2) leads to

1 1+ 114_;2@16
[k, wi; F]7Y (aF [z, xk] + OF |2k, 2%) + cFzk, yi))

Hy = ,a+b+c=1. (4.5)
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In this case, the convergence order of (3.1) reduced by one unit. The iteration (3.1)
with (2.8) and (4.5) has order of convergence six. We consider some particular cases of
sixth-order methods.

(1) Let a=b=0, c=1 Then (4.5) leads to

F(yx)

14+ 22

e 1+ =5 Ok _ F(wy)
1-0y F(yx)

(zk)

+O(h*) =Ty, + O(h?).

1-—
Flye) | F(yk)
F(zy)  F(wk)
(2) Let a=1, b=c¢=0. Then (4.5) leads to

 [zk, wr; F F(yx)
Hy= et <1 n > (4.7)

|

(3) a=c=0, b=1. Then (4.5) leads to
1
Hy = . 4.8
" Ton, wis FI7F [z, i) “8)

(4) The linear combination of (4.7) and (4.8) gives

F(yr)
[, w; F] N F(wy)
a-+b F[yk,zk] F(ﬁkazk)

b(1+ )

Hy, =

(4.9)

F(yx) _1-2n
F(wk) 1-— 3Tk

If we take into account 1 + + O(h?) then (4.9) can be rewritten as

[Tk, wi; F [ a 1—2r b }
H, = . 4.10
k a+b Flyk,zi] 11— 3rk Flag, 2k ( )
When a = b then (4.10) leads to
[xk,wk;F] 1 1 727“]6 1
H;, = — 4.11
k 2 2 1-3r; F[.’L‘k, Zk] ( )

The iteration (3.1) with Hj, given by (4.11) can be considered as extension of (FD4)
iteration [20] to multidimensional case. Now, we propose some concrete choice of Hy,
that guarantees seven-order of iteration (3.1).
(1) Let a = c¢=0,b=1. Then (4.2) becomes
1 1

_ 2
M = [xkawMF]_lF[Zkvyk](lJr 1+A®k) (4.12)
_ 1 (1 L Flw) F(?Jk)) '
[Tx, wi; F] 71 F (25, yi] F(zy) F(wy) )

(2) b=2, a=—1c¢=0. Then (4.2) leads to
1
[k, wis F]~1(2F 21, y] — Fl2k, zx])

> (4.13)
CFlyk) 0 o Fluk) Fyr) Flyr)  F(z)
(1 roy + =95 2R R F(ym)'

Hy, =
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2'. Let a =1 and b = ¢ = 0. Then (4.2) can be expressed as

(zk)

2
14+ F(yr) + (,8 _d ) F(yk) + F(zg)
F(wr) kT F(yx)

H;, = 4.14
¢ [, ey FIF [, 2] (4.14)
2”. Tt is easy to check that from (4.14). It follows that see [21].
5 F(yx) (F(yk))> [Tk, wi; F1F (Tk, yi)
Hy=(1-(d2 - ) 4.15
o= (i (7on)) e (415)
If we choose T}, as
1
T, = ———, (4.16)

then 3 = di and (4.15) converted to

;P F
Hk _ [xkvw/ﬁ ] ['/I"]wyk]- (417)
Flaw, 2] - Flzk, yi]
In this case, the iteration (3.1) with (4.16), (4.17) is indeed derivative-free variant
of reduced scheme given in [22] to multidimensional case.

(3) a=b=1, c=—1. Then (4.2) leads to

1
Hk B [xkvwk;F]il(F[Zk,l'k} + F[zk’yk] _ F[‘rkayk}) . (418)

The iteration (3.1) with (4.18) can be considered as extension of (FD7) in [20].
(4) The seventh-order convergence condition (3.45) can be written as

F(yx) F(yr) | F(z)

Hie =Tt Fn) Flwn)  Flgn) (4.19)
(5) Let Hy in (3.1) is given by
_ [‘T/lﬁwkv }
Hy, —aF[zk, ] + (1 — a)F[zk, w]
F(z > F(yx) F(y) Flyp) Fly)
{1 i e 0w o () ee(Re) }
. (1+GA)( + )+’LU1

B (e Y

(4.20)

Using the relations (4.1) it is easy show that Hj given by (4.19) satisfies the
condition (3.45). The iteration (3.1) with Hy given by (4.19) with a =1, w; =
0 and a = 0,ws =0 can be considered as extension of (F.S3 —1) and (FS4 —
1) given in [19] Note that in FS3 —1 and (FS4 — 1) used T} given by (2.22¢),
whereas one extension used T} given by (2.22a)-(2.22b).
As a consequence, the theorem 6 proved in [21] holds true in multidimensional case.
That is the iteration (3.1) with (3.8) and H}, given by

Fla, wi](1 + AO; + BO? + COP + (w + 60,,)S)
aF|xy, 2] + bF [z, Y| + cFxk, yi]

Hy, = , a+b+c=1, (4.21)
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Table 3: For p

T (2.22) (2.22)
Hy, (4.6),(4.7),(4.8),(4.9),(4.10) (4.12),(4.13),(4.18),(4.19),(4.20)
P 6 7

has the order of convergence eight, if the following conditions hold:

R A 1—a
A= (1-b)(dy —1), B*(B*dk)(lfb)Jrﬂ,
) . 24A
b—2 -2 1
C=a-1+0b-af+1—byt 22, €72

1+A (1+A)2 (1+A)3%
Thus, we have a family of eighth -order iterations (3.1) with (3.8) and (4.21).

The implementation algorithm is given by (4.21), in which we used:

A6y = (1= by, BOF = ((1-0)(8— 1)) + (b—a)ri ) Oy,
w=1=5b, 60 =(1—0a)Of+ (2 —b)rg,
CO} =[(a—1)+(b—a)B+ (10|63

+(a+ B —2)0r, + (¢ — 2)OprE — 13,

Most easy particular cases of (4.21) are shown in Table 4.

Table 4
a b c
0 0 1
0 1 0
1 0 0

Another form Hj, satisfying the condition (3.44) is [21]
[k, wis FIF [z, yi

hom (14 5ne) |
g 1 Fl) (i = B)rsOh Flog, 2] Fl2k, yi]
For example, if we choose T} such that
1
Tp=——
1—d,0;

then 8 = d2 and the formula (4.24) becomes as

1 [k, wis FF[wy, yi]
F(zr) Flog, 2] Flzg,ye]
F(wg)

Hy =

1—

35

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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The iteration (3.1) with T} and Hjy given by (4.25) and (4.26) can be considered
as multidimensional of eighth-order Sharma et al. method [22] for solving nonlinear
equations.

5. Numerical experiments and efficiency index

We demonstrate the efficiency of the proposed methods and verify the corresponding
theoretical results. The methods examined include the fourth-order methods M4,
the sixth-order methods M6, the seventh-order methods M7, and the eighth-order
methods M8. All of our numerical computations were performed in programming system
MATHEMATICA 14.1 using multi-precision arithmetic with 1000 digits for Intel(R) i5-
13700, 2.10GHz, 32GB RAM. In all experiments, the iterative process was terminated
when the following stopping criterion was satisfied:

lxg—1 — 2k] < 10799,

The computational order of convergence (ACOC) at iteration k is defined by:

_ Log (I (@rr)II/ 1 F (e )l)
log ([[F(z)[l/ 1 F (zx—-1)]])
Furthermore, the methods with orders 4, 6, 7, and 8 in Table 5 are denoted by M4, M6,

Pk

Table 5: Methods

Methods Ty Hy, P
(2.1) 14+ 0O +rg - 4
(3.1) 1+9k‘+7'k 1+@k+rk‘ 6
(3.1) 1+ 0+, Tx + Orri + Sk 7
(3.1) 14+ 0O + 1 Tk-‘r@kﬁc-‘r(@k-‘rrk)((ﬁ—l)@% —T‘i)+(1+2(9k +rk))Sk 8

M7, and M8, respectively. For the numerical experiments, we consider the following test
problem:

EXAMPLE 1. Consider the nonlinear system:
i —1=0,i=1,2,...,n—1,
2z; —1=0.

The exact solution is (1,1,...,1)T and the initial approximation is xg
(1.25,1.25,--- ,1.25)T.

ExXAMPLE 2. Consider the system of equations:

TiTiy1 —e Ti—e Tt =0, 1<i<n-—1,
Tpry —e Fn—e T =0,

Starting wvalue is xzo= (1,1,1,1,...,1,1)T and the approvimate solution is z* ~
(0.901,0.901, ...,0.901)7.
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ExamMpLE 3. We consider the following system of nonlinear equations involving
trigonometric functions:

xisin(zip1) —1=0,1=1,2,...,n—1
ZTpsin(z1) —1=0

The close-form solution is (1.11415714,1.11415714, ...,1.11415714)T and
xo = (1.3,1.3,--- ,1.3)T is the initial vector.

Table 6: Numerical Results for Example 1 (Problem Size n=500)

Method CPU Time k lzk+1 — zxl| | F(zpr1)]] ACOC
M4 26.422 5 3.36 x 1039 3.80 x 10— 1°6 4.00
M6 20.656 4 1.72 x 1032 4.89 x 10194 6.00
M7 21.094 4 1.25 x 10767 1.13 x 10472 7.00
M8 21.188 4 3.27 x 10~ 1.84 x 10600 8.00

Table 7: Numerical Results for Example 2 (Problem Size n=500)

Method CPU Time k sz-‘—l — $kH ”F($k+1)H ACOC
M4 77.875 4 6.32 x 10~%® 3.37 x 10~ 261 4.00
M6 56.657 3 2.57 x 10735 1.59 x 10—214 6.00
M7 57.063 3 1.43 x 10—51 1.78 x 10364 7.00
M8 57.796 3 2.84 x 10762 6.40 x 10502 8.00

Table 8: Numerical Results for Example 3 (Problem Size n=500)

Method CPU Time k lek+1 — zkll | F(zpi1)l ACOC
M4 60.203 4 5.28 x 10~%7 9.20 x 10~ 19T 4.00
M6 58.796 4 6.39 x 10141 1.51 x 10849 6.00
M7 44.375 3 3.95 x 1034 2.77 x 10246 7.00
M8 57.532 3 3.79 x 10—46 6.32 x 10256 8.00

The numerical results are consistent with the theoretical findings presented in the

preceding sections. The tables show that MS is not only faster but also more accurate
than the considered methods of orders p = 4,6,7 and 8. From Table 11, we observe that
the proposed algorithms are significantly faster than the compared methods. Tables 10
and 11 show that the proposed methods still converge when the initial approximation
is located at distances 10 and 100 times greater. This highlights the robustness and
wide convergence domain of the methods. To compare different methods, we use the
computational efficiency index CI = p%, where p is the order of convergence and C' is
the computational cost of each method. Table 12 presents the index CT of the methods
considered. Figure 1 also illustrates the index C1T for systems of size ranging from 10 to
100.
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Table 9: Results for Example 2 (Problem Size n=200)

Methods Initial vector k [|F (k1) ACOC
z0 4 3.37 x 10— 261 4.00
M4 10z¢ 9 6.50 x 10~78 4.00
100x¢ 42 1.13 x 10—82 4.00
z0 3 1.92 x 10— 214 6.00
M6 10zo 8 8.78 x 10146 6.00
100zq 28 5.74 x 10296 6.00
z0 3 1.12 x 10364 7.00
M7 100 6 5.03 x 10262 7.00
100z¢ 28 2.01 x 10—491 7.00
xo 3 6.40 x 10—°02 8.00
M8 10z¢ 6 5.28 x 10182 8.00
100z0 25 1.30 x 10— 789 8.00

Table 10: Results for Example 3 (Problem Size n=200)

Methods Initial vector k TF(xr+1)]] ACOC
x0 4 5.82 x 10~ 19T 4.00
M4 100 6 7.99 x 10~ 44 4.00
100z¢ 38 8.53 x 10~11 4.00
zo 4 9.60 x 10—3%0 6.00
M6 10z0 6 5.56 x 10167 6.00
100z0 12 1.01 x 10186 6.00
Z0 3 1.75 x 10— 246 7.00
M7 10z¢ 5 1.21 x 10—434 7.00
100zq 29 2.66 x 10211 7.00
z0 3 2.89 x 10—306 8.00
M8 10z0 4 7.18 x 10~ 74 8.00
100z¢ 27 3.64 x 10217 8.00

Table 11: CPU Time for Example 1

Method n = 100 n = 200 ACOC
M4 1.031 3.89 4.00
M6 0.765 3.078 6.00
M7 0.797 3.063 7.00
M8 0.766 3.093 8.00
Me,2 [23] 20.297 152.969 6.00
NMT [24] 27.859 217.531 7.00
PM1 [25] 14.201 101.725 8.00

6. Conclusions

In this paper, we propose derivative free two- and three-step iterations with high
convergence order from four to eight. Some of these iterations are extensions of
many well-known iterations to multidimensional case. Thus, we essentially extend their
application domain. Main advantages of the proposed schemes are that they require only
one matrix inversion and the parameter coefficients are expressed via multiplication and
division of known vectors. These two factors allows to increase their efficiency and make
algorithms easy to implement. The results of numerical experiments show their high
performance and wide convergence domain and confirm convergence order.
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Table 12: The computational efficiency

Ne methods p C; CI
1 M4 4 C1 = %n?’ +4n? + I—;n 41/C1
2 M6 6  Cy=in®+5n?+n  61/C2
3 M7 7 Cy=3nd+5n2+8n  7Y/Cs
4 M8 8 Cy = 3n3+5n2+ 32n 81/Ca
5 M2 8 Cs=1in+3n2+ 2n 21/Cs
Efficiency Index
1,004 ; ; ; ; e
[
1.0009 M8 |
M7
1.0008 Ma | J
1.0007 ]
1.0006 1
1.0005 1
1.0004 1
1.0003 ]
1.0002 1
1.0001 ]
20 30 40 50 60 70 80 90

n

Figure 1: Computational Efficiency Index for n = 10 to 100 (logarithmic scale)
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