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Optimal Control Sphere Packing Problem

Rentsen Enkhbat

Abstract. The sphere packing problem which is to pack non-overlapping spheres
with the maximum volume into a convex set. The problem belongs to a class of global
optimization. Convex maximization formulation of the problem is given in [1,12]. In this
paper, we formulate a new optimal control problem based on the sphere packing problem
which is a nonconvex optimal control problem with phase and control constraints. A
discrete version of the new optimal control problem for sphere packing problem has been
discussed. We examine also Malfatti’s problem [17] from a view point of optimal control
theory.

1. Introduction

The sphere packing problem is one of the oldest problems in mathematics and finds
many applications in science and technology [1-8].
Recently, new applications of sphere packing problem have been appeared in mining
industry [13], finance and economics [16].
In general, the sphere packing problems are reduced to difficult nonconvex optimization
problems which cannot be handled effectively by analytical approaches. In [12], it
has been shown that a general sphere packing problem belongs to a class of convex
maximization problem over a nonconvex set. Moreover, in [12] it has been shown that the
classical circle packing problem as well as Malfatti’s problem are particular cases of the
sphere packing problem. The complexity of the sphere packing problems increases rapidly
as a number of spheres increases. Thus, only heuristic type methods are available for
high dimensional cases (N > 50). In [14], [15] the sphere packing problem was examined
from a view point of game theory and multi-criteria optimization.
It seems that so far there is no work on optimal control formulataion of sphere packing
problem. Aim of this paper is to fulfill this gap.

2. Sphere Packing Problem

Let B(x0, r) be a ball with a center x0 ∈ Rn and radius r ∈ R.

B(x0, r) = {x ∈ Rn|∥x− x0∥ ≤ r}, (2.1)

here ∥ · ∥ is Euclidean norm.
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The n-dimensional volume of the Euclidean ball B(x0, r) is [18, 19]:

V (B) =
π

n
2

Γ(n2 + 1)
rn, (2.2)

where Γ is Leonhard Euler’s gamma function. Let D be a polyhedral set given by the
following linear inequalities.

D = {x ∈ Rn|⟨ai, x⟩ ≤ bi, i = 1,m}, ai ∈ Rn, bi ∈ R,

where ⟨, ⟩ denotes the scalar product of two vectors in Rn.
Assume that D is compact and intD ̸= Ø. Clearly, D is a convex set in Rn.
Denote by x1, x2, . . . xk centers of the spheres inscribed in D. Let u1, u2, ..., uk be their

corresponding radii.
Now we consider a problem of maximizing a total volume of k non-overlapping spheres

inscribed in D ⊂ Rn. This problem in the literature is often called sphere packing
problem for different spheres.
Now we formulate the following optimization problem :

max
(x,u)

V =
πn/2

Γ(n2 + 1)

k∑
i=1

un
i (2.3)

subject to:

⟨ai, xj⟩+ uj∥ai∥ ≤ bi, i = 1,m, j = 1, k, (2.4)

∥xi − xj∥2 ≥ (ui + uj)
2, i, j = 1, k, i < j, (2.5)

u1 ≥ 0, u2 ≥ 0, ..., uk ≥ 0. (2.6)

The function V , which is convex as a sum of convex functions un
i defined on the

positive orthant of R, denotes the total volume of all spheres inscribed in D. Conditions
(2.4) describe that all spheres are in D while conditions (2.5) secure non-overlapping
conditions for spheres.
If we set n = 2,m = 3 and k = 3 in problem (2.3)-(2.6), then the problem becomes

Malfatti’s problem which was first formulated in 1803 [17]. Indeed, the problem has the
form:

max
(u,r)

V = π

3∑
i=1

r2i (2.7)

subject to:

⟨ai, uj⟩+ rj∥ai∥ ≤ bi, i, j = 1, 2, 3, (2.8)

∥ui − uj∥2 ≥ (ri + rj)
2, i, j = 1, 2, 3, i ̸= j, (2.9)

r1 ≥ 0, r2 ≥ 0, r3 ≥ 0. (2.10)

The original Malfatti’s and its extended four circle problem as well three dimensional
Malfatti’s problem were solved numerically in [9–11].
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3. Optimal Control Sphere Packing

Let us consider a problem of maximizing a total volume of k non-overlapping spheres
inscribed in D ⊂ Rn centers of which move along trajectories given by differential
equations. These trajectories are:{

ẋj = f j(xj , t), xj ∈ Rn,

xj(0) = xj
0, j = 1, 2, . . . , k,

(3.1)

xj = (xj
1, x

j
2, . . . , x

j
n), j = 1, 2, . . . , k,

where f j : Rn+1 → Rk are vector-valued differentiable mappings, f j = (f j
1 , f

j
2 , . . . , f

j
k).

Denote by u1(t), . . . , uk(t) radii of spheres at moment t.
Assume that uj : R → R, j = 1, 2, . . . , k are continuously differentiable functions.

Let B(x0(t), u0(t)) be a ball with a center x0(t) ∈ Rn and radius u0(t) at moment t.

B(x0, u0) = {x ∈ Rn | ∥x− x0∥ ≤ u0}.

Then condition B(x0, u0) ⊂ D becomes [12]:

⟨aq, x0(t)⟩+ u0(t)∥aq∥ ≤ bq, q = 1, 2, . . . ,m. (3.2)

Non-overlapping conditions for spheres B(xi, ui), i = 1, 2, . . . , k are

∥xi − xj∥2 ≥ (ui + uj)
2, i, j = 1, 2, . . . , k, i < j. (3.3)

The total volume of spheres inscribed in D at the moment t is

V (t) =
πn/2

Γ(n2 + 1)

k∑
j=1

un
j (t),

u(t) = (u1(t), . . . , uk(t)) ∈ Rn, t ∈ (−∞,+∞).

Then under the above assumptions, the volume maximization problem is formulated as
follows:

max
(u,T,t0)

J = max
(u,T,t0)

πn/2

Γ(n2 + 1)

k∑
j=1

un
j (T ) (3.4)

subject to constraints:

⟨aq, xj(t)⟩+ uj(t)∥aq∥ ≤ bq, (3.5)

t0 ≤ t ≤ T, q = 1, 2, . . . ,m, j = 1, 2, . . . , k.

{
ẋj = f j(xj , t),

xj(t0) = xj
0, j = 1, 2, . . . , k, t0 ≤ t ≤ T.

∥xi(t)− xj(t)∥2 ≥ (ui(t) + uj(t))
2, i, j = 1, 2, . . . , k, i < j, (3.6)

u1(t) ≥ 0, u2(t) ≥ 0, . . . , uk(t) ≥ 0.{
⟨aq, xj(T )⟩ ≤ bq

⟨aq, xj
0(t0)⟩ ≤ bq, q = 1, 2, . . . ,m, j = 1, 2, . . . , k.

(3.7)
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Problem (3.4)-(3.7) can be written in the form:

max
(u,T,t0)

J =
πn/2

Γ(n2 + 1)

k∑
j=1

un
j (T ) (3.8)

⟨aq, xj
0 +

ˆ t

t0

f j(xj , τ)dτ⟩+ uj(t)∥aq∥ ≤ bq, (3.9)

t0 ≤ t ≤ T, q = 1, 2, . . . ,m, j = 1, 2, . . . , k,∥∥∥∥ˆ t

t0

[
f j(xj , τ)− f i(xi, τ)

]
dτ + (xj

0 − xi
0)

∥∥∥∥2 ≥ (ui(t) + uj(t))
2, (3.10)

i, j = 1, 2, . . . , k, i < j.{〈
aq, xj

0 +
´ T
t0
f j(xj , τ)dτ

〉
≤ bq

⟨aq, xj
0⟩ ≤ bq, q = 1, 2, . . . ,m, j = 1, 2, . . . , k,

(3.11)

where ˆ T

t0

f j(xj , τ)dτ = (

ˆ T

t0

f j
1 (x

j , τ)dτ, . . . ,

ˆ T

t0

f j
k(x

j , τ)dτ).

Now we can write the discrete optimal control sphere packing problem

max J = max
(u,tp)

πn/2

Γ(n2 + 1)

k∑
j=1

un
j (tp), p ∈ {0, 1, . . . , N}

⟨aq, xj(tp+1)⟩+ uj(tp+1)∥aq∥ ≤ bq,

q = 1, 2, . . . ,m, j = 1, 2, . . . , k, p = 0, 1, . . . , N − 1.{
xj(tp+1) = xj(tp) + f j(xj(tp)), j = 1, 2, . . . , k,

xj(t0) = xj
0, p = 0, 1, . . . , N − 1.

∥∥xi(tp)− xj(tp)
∥∥2 ≥ (ui(tp) + uj(tp))

2
,

p = 0, 1, . . . , N − 1, i, j = 1, 2, . . . , k, i < j.{
⟨aq, xj(N)⟩ ≤ bq, q = 1, 2, . . . ,m,

⟨aq, xj
0⟩ ≤ bq, j = 1, 2, . . . , k.

Denote by uj(tp) = ujp, xj(tp+1) = xj
p+1, uj(tp+1) = ujp+1, xj(tp) = xj

p,
f j(xj(tp)) = f j(xj

p), ui(tp) = uip, xi(N) = xiN , i, j = 1, 2, , . . . , k; i < j. Then the
problem is equivalent to

max
(u,t0,N)

J =
πn/2

Γ(n2 + 1)

k∑
j=1

un
jN ,〈

aq, xj
0 +

ˆ tp

t0

f j(xj , τ)dτ

〉
+ ujp∥aq∥ ≤ bq,

p = 0, 1, . . . , N − 1, j = 1, 2, . . . , k, q = 1, 2, . . . ,m.
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{
xj
p+1 − xj

p − f j(xj
p) = 0, j = 1, 2, . . . , k,

xj(t0) = xj
0 = xj0, p = 0, 1, . . . , N − 1.

∥xi
p − xj

p∥2 ≥ (uip + ujp)
2, i, j = 1, 2, . . . , k, i < j,

{
⟨aq, xj

N ⟩ − bq ≤ 0, q = 1, 2, . . . ,m,

⟨ai, xj
0⟩ ≤ bq, j = 1, 2, . . . , k.

Since Malfatti’s problem is a particular case of problem (3)-(7) for k = 3,m = 3, n = 2,
then Malfatti’s optimal control problem can be formulated as follows.

max
(u,T,t0)

J = π(u2
1(T ) + u2

2(T ) + u2
3(T ))

subject to constraints:

⟨a1, x1(t)⟩+ u1(t)∥a1∥ ≤ b1,

⟨a2, x2(t)⟩+ u2(t)∥a2∥ ≤ b2,

⟨a3, x3(t)⟩+ u3(t)∥a3∥ ≤ b3,

t0 ≤ t ≤ T < +∞,{
dx1

dt = f1(x1, t),

x1(t0) = x1
0{

dx2

dt = f2(x2, t),

x2(t0) = x2
0{

dx3

dt = f3(x3, t),

x3(t0) = x3
0

∥x1(t)− x2(t)∥2 ≥ (u1(t) + u2(t))
2

∥x1(t)− x3(t)∥2 ≥ (u1(t) + u3(t))
2

∥x2(t)− x3(t)∥2 ≥ (u3(t) + u2(t))
2

⟨a1, x1(T )⟩ ≤ b1

⟨a2, x2(T )⟩ ≤ b2

⟨a3, x3(T )⟩ ≤ b3

⟨a1, x1
0(T )⟩ ≤ b1

⟨a2, x2
0(T )⟩ ≤ b2

⟨a3, x3
0(T )⟩ ≤ b3

u1(t) ≥ 0, u2(t) ≥ 0, u3(t) ≥ 0,
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where

f1 = (f1
1 (x

1, t), f1
2 (x

1, t)),

f2 = (f2
1 (x

2, t), f2
2 (x

2, t)),

f3 = (f3
1 (x

3, t), f3
2 (x

3, t)),

x1(t) = (x1
1(t), x

1
2(t)),

x2(t) = (x2
1(t), x

2
2(t)),

x3(t) = (x3
1(t), x

3
2(t)),

−∞ < t0 ≤ t ≤ T < +∞.

Conclusion

For the first time, the general sphere packing problem which is to pack non-overlapping
spheres into a convex set with the maximum volume has been examined from a view
point of optimal control theory. The new problem is a difficult nonconvex optimal control
problem with mixed constraints with respect to trajectory and control variables. We also
formulate a discrete version of the problem. Computational methods and algorithms for
solving the new optimal control sphere packing problem will be discussed in a next
paper.
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