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Abstract: This paper introduces a novel application of sphere packing theory to multi-parametric
optimization problems. Sphere packing, a classical problem in geometry, provides a powerful geometric
framework for analyzing the robustness and feasibility of solutions in linear programming, inverse
optimization, and multi-objective optimization problems. By inscribing the largest possible spheres
within feasible regions, we develop robust solutions that can tolerate small perturbations in constraints
or objectives. We derive theoretical results connecting sphere packing to linear programming, formulate
robust solutions as e-solutions, and address inverse optimization problems by maximizing the
robustness of target solutions. A practical case study involving a mining company demonstrates
the applicability of the proposed framework in real-world multi-objective scenarios. This approach
enhances traditional optimization techniques by incorporating geometric insights, scalability, and
robustness.
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1. Introduction

Optimization problems under parameter perturbations arise in a variety of fields, including
operations research, engineering design, and economics. Multi-parametric optimization, where
problem parameters vary continuously, requires methods that ensure solutions remain feasible
and robust. Robust optimization has become increasingly critical in uncertain environments,
where small changes in input can lead to infeasibility or loss of optimality |3l|4,/13]. Sphere
packing theory, a classical area in geometry, concerns fitting the largest possible non-
overlapping spheres within a given space [1,[2]. While traditionally studied in coding theory
|[1,/6] and physical packing problems, recent work highlights its potential in optimization
contexts to analyze feasible regions and improve solution robustness [7,/10,/14]. The main
objectives of this paper are as follows:

1. To introduce a theoretical framework connecting sphere packing with feasible regions
in multi-parametric optimization.

2. To reformulate linear programming problems to incorporate geometric robustness using
sphere packing principles.

3. To extend this approach to inverse optimization problems, ensuring predefined solutions
remain robust under parameter adjustments.
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4. To apply the proposed method to multi-objective optimization problems, particularly
when no ideal solution exists, by incorporating the Max-Min principle [8}9].

This paper is structured as follows: Section [2| outlines the mathematical foundations of
sphere packing, connects sphere packing principles to robust linear programming and inverse
optimization. Section [3| discusses the Max-Min principle for multi-objective problems and
integrates sphere packing for robustness. Section |3.5|presents a practical numerical case study.
Finally, Section [5| concludes the paper.

2. Methodology

2.1. Mathematical Preliminaries

Let B(2°,7) denote an n-dimensional sphere (or ball) centered at z° € R™ with radius
r>0: B(z',r) = {z € R" | |x — 2°|| < r}, where || - || is the Euclidean norm. The volume of
B(2°,r) in n-dimensions is given as:

V(B) = —— 1™ (2.1)

where I is the Euler gamma function [2].
A convex feasible region D C R" is defined as:

D={zeR"|g(x)<0,i=1,...,m}, (2.2)

where g; : R" — R are convex functions.

Sphere packing has applications in diverse fields, such as telecommunications 6], facility
location problems [11], and convex optimization [5|. Its connection to feasibility analysis in
optimization has been explored in works such as Enkhbat et al. [10] and Wolkowicz et al. |7].

We now introduce a function ¢ that arises in the context of testing sphere feasibility within
a convex set.

Definition 2.1. Let g; : R® — R be a convex function. Define the function ; : R® x RT — R
as:
@i(x%,7) = max g;(«° +rh), 7 >0. (2.3)
<1
To relate spheres to feasible regions, we introduce the following condition:

Theorem 2.1 ( [10]). (Sphere Inclusion Condition) A sphere B(z°,r) is fully contained
within D if and only if:

0
. < .
11Sn%)5n wi(z”,r) <0, (2.4)
where
pi(z,r) = max gi(z°+7rh), i=1,....m. (2.5)
<1

Lemma 2.1. If g;(z) is a linear function of the form g;(x) = {(a;, x)—b;, then for any z° € R™
and r > 0, we have:
max gi(a’ +rh) = (as,2") + rlla]l - bi (2.6)

Proof. Substitute g;(z) = (a;, ) — b; into the definition of ¢;(x°,7):

(20, 7) = max ((a;,2° +rh) —b;). 2.7
pila®1) = max ( )~ b) (27)
Simplify the terms:

pi(z°,r) = HIfILl\|a<X1 ((ai, 2% + r{a;, h) — b;) . (2.8)
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Since the maximum of (a;, h) over ||h|| < 1 is ||a;|| (by the Cauchy-Schwarz inequality), we
obtain:

pi(a®,r) = (@i, 2°) + rllagl| - b;. (2.9)

We now introduce a critical concept related to perturbed feasible sets, D., which plays a
significant role in robust optimization.

Definition 2.2. Let D C R™ be a feasible set defined by constraints:
D={xeR"|{a;,z) <b;, i=1,2,...,m}. (2.10)
For a given optimal value f* and perturbation € > 0, the perturbed feasible set D. is defined
as:
Ds = {fﬂ eR” | <C7':L'> Z f* - & <CLi,CE> S bzaZ: 1,2,...,777,,
Z; S [xj,min,xj,max], ] = 1,2,...,n}. (211)
Remark 2.1. The set D, represents the feasible region under small perturbations in the
objective function. It incorporates robustness by ensuring that the solution remains within

acceptable limits of the optimal value f*. The role of sphere packing is to identify the largest
inscribed sphere within D,, ensuring feasibility under these perturbations.

2.2. Robust Linear Programming
Consider a standard linear programming problem:

n

max f(z) = ch:rj, (2.12)
j=1
subject to:
(ai,x> <b;, i=1,...,m, T; € [xj,min,xjmax]. (213)

To enhance robustness, we redefine the feasible set D. by incorporating a perturbation
parameter € > 0. We then maximize the radius r of a sphere inscribed in D., ensuring
solutions remain feasible and robust under small perturbations:

maxr,
subject to:

(c;x) —rlell = f* —e, (2.14)

(aj, ) +rla;|| <b;, r>0. (2.15)

For details on robust linear programming, we refer the reader to Ben-Tal et al. [3| and El
Ghaoui et al. [4].

2.3. Inverse Linear Programming with Sphere Packing

Inverse optimization involves adjusting parameters so that a predefined solution remains
optimal [12]. We extend this idea by incorporating sphere packing to maximize robustness. For
inverse linear programming problems, robust methods such as those presented by Bertsimas
and Sim [13] are presented here again with the concept of sphere packing incorporated.

The inverse problem of linear programming adjusts the cost vector ¢ and constraint
parameters a; to ensure a target solution & remains optimal. The inverse problem of the
linear programming problem incorporating sphere packing is formulated as follows:
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Step 1: Maximize the robustness r of c:

maxr,
subject to:
(e,3) —rllell = £ —e. (2.16)
Step 2: Maximize r; for the constraints a;:
maxr;,
subject to:

3. The results

3.1. Problem statement

Multi-objective optimization (MOQ) problems arise when decision-makers need to optimize
two or more conflicting objectives simultaneously. In these problems, a solution is characterized
as Pareto optimal when no objective can be improved without worsening at least one other
objective. Consider the following formulation of an MOO problem:

max (cg, ), k=1,2,...,1, (3.1)

subject to:
(@, ) <b;, 1=12,....m, z; >0, j=1,2,...,n, (3.2)

where ¢, € R™ represents the objective function coefficients for objective k, a; € R™ are
constraint coefficients, and b; € R are the bounds. The feasible region D is defined by the
constraints, and x € R™ are decision variables.

3.2. Robust reformulation using sphere packing

Traditional MOO methods often fail to ensure robustness, especially when objectives or
constraints are subject to perturbations. To address this limitation, we incorporate sphere
packing theory to identify robust solutions. Specifically, we aim to maximize the radius r of
a sphere B(2°,r) inscribed within the feasible region D under the following conditions:

maxr,

subject to:
langlecy, z) — ekl > fr —er, k=1,2,...,1,

(3-3)
(ai, ) +rlla;]| < b, i=1,2,...,m, (3.4)
zj—r>0, j=12,...,n, (3.5)

)

r =0, (3.6

where f; is the optimal value of the k-th objective function, and £, > 0 is the acceptable
deviation (perturbation) for each objective. The inclusion of r||ck|| in the objective constraints
ensures that any solution remains robust to small changes in the objective coefficients cy.
Geometrically, the sphere B(z",r) ensures that all solutions x within the sphere satisfy the
perturbed objectives and constraints.
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In many real-world multi-objective optimization (MOO) problems, an ideal solution—where
all objectives are optimized simultaneously—may not exist due to conflicting objectives. As a
result, the feasible set in the sphere packing problem formulation can become empty, meaning
that no sphere B(x?,r) can be inscribed in the feasible region defined by the multi-objective
constraints.

To address this issue, we adopt the “Max-Min principle”, which minimizes the maximum
weighted deviation from target values across all objectives. This principle converts the multi-
objective problem into a scalar optimization problem, which allows us to reformulate the
feasible set and apply sphere packing theory effectively to obtain robust solutions [89].

3.3. Pareto optimality with robustness

A robust solution obtained through this sphere packing formulation is not only Pareto
optimal but also maximally insulated against perturbations. Specifically:

e The radius r acts as a robustness metric. Larger values of r indicate greater tolerance
to variations in the parameters.

e Solutions within B(z",r) are guaranteed to satisfy the multi-objective criteria, even
when the feasible region D is slightly distorted.

Let ¢t represent the target value for objective fi(z), wr be the weight assigned to each
objective, and ¢ denote the maximum weighted percentage deviation. The Max-Min
reformulation of the MOO problem is as follows:

min g,
subject to:
—1
wk<fk(wt)k><q, k=1,2,...,1, (3.7)
k
(a;,z) <b;, i=1,...,m, z;>0. (3.8)

To ensure robustness, we incorporate sphere packing into the reformulated problem by
maximizing the radius 7 of a sphere B(z,r) inscribed within the feasible region:

max7r, subject to:
—t
k

(@i, ) +rllag|| < by, i=1,....m, =x;—r>0, r>0. (3.10)

here:
e r measures the robustness of the solution.

e The Max-Min constraints ensure a balanced trade-off among objectives, even when an
ideal solution does not exist.

By solving this reformulated problem, we obtain a robust solution (z°,r) that remains feasible
under small perturbations in the objectives 3%r constraints.
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3.4. Practical implementation

1. Solve each objective max{cy, z) independently to determine f;.

2. Reformulate the problem using sphere packing constraints, incorporating perturbations
Ek-

3. Use iterative optimization algorithms such as interior-point methods or sequential
quadratic programming (SQP) to solve for z° and r.

4. Validate the solution by checking its feasibility under perturbed conditions.

This approach provides decision-makers with solutions that balance optimality and robustness,
a critical feature in real-world applications.

3.5. Case study: Optimization of mining operations

For applications in real-world multi-objective optimization, see Kerkow et al. [8] and
Vanderbei |5]. We revisit the case of South-Gobi Mining Company, which operates two coal
mines. The company must meet specific production targets while minimizing production
costs, toxic water generation, and life-threatening accidents. However, due to uncertainties
in production efficiency and environmental impacts, the company requires a robust solution.
Sphere packing is applied here to provide robustness, ensuring solutions remain feasible under
small perturbations.

We consider a mining company operating two coal mines in Mongolia’s South-Gobi region.
The company faces the following objectives and constraints:

1. Objectives:
e Minimize production costs.
e Minimize environmental impact, measured as gallons of toxic water produced.

e Minimize life-threatening accidents during operations.

2. Constraints:
e Production requirements for different grades of coal must be met.

e Operations must remain within the workforce and resource limitations of each
mine.

The details of the two mines are summarized in Table [

Table 1: Operational details for South-Gobi mines

Parameter Mine 1 Mine 2
High-grade coal (tons/month) 12 4
Medium-grade coal (tons/month) 4 4
Low-grade coal (tons/month) 10 20
Cost per month (USD) 40,000 32,000
Toxic water (gallons/month) 80 125
Life-threatening accidents 0.20 0.45

The company must determine the number of additional operational shifts z; and zo at
Mines 1 and 2, respectively, to achieve production targets while minimizing costs, environmental
impact, and accidents.

To address conflicting objectives and parameter perturbations, the Min-Max principle
is employed in conjunction with sphere packing theory to achieve robust Pareto-optimal
solutions.
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Step 1: Traditional Multi-Objective Formulation The mining company aims to determine
the number of months (or shifts) z; and z3 of additional operations at Mines 1 and 2,
respectively. The initial multi-objective problem is given as follows:

min f;(z) = 40,000z, + 32,000z2 (Production Cost),
fa(x) = 80xy 4+ 12525  (Toxic Water Generation), (3.11)
f3(x) =0.221 + 0.45z5 (Life-Threatening Accidents),

subject to the production constraints:
1221 + 4x9 > 48, 4xq +4x9 > 28, 10x1 + 2022 > 100, (3.12)

and the non-negativity constraints:
T1,T2 Z 0. (313)

Since the objectives conflict, the company adopts the Min-Max principle to balance deviations
from target values t1, to, and t3 for each objective. The Min-Max reformulation is as follows:

min q,

subject to:

<4O,0001‘1 + 32,0005 — tl)
w1 S q,
tq

(801‘1 + 12525 — tg)

w2 S q,
t2

(0.21’1 + 0.45x9 — tg)

w3 <q,

(3.14)

t3
1221 + 4a9 > 48,  4xq 4+ 4a9 > 28, 10z + 2025 > 100,
1,22 2> 0.
where ¢ is the maximum weighted percentage deviation, and wi, we, ws are weights
assigned to each objective.
To ensure robustness against perturbations in constraints and objectives, sphere packing

is applied to maximize the radius r of a sphere inscribed within the feasible region determined
by the Min-Max constraints. The robust version of the problem becomes:

maxr,

subject to:
40,000x1 + 32,000x2 — gt1 + r||(40,000, 32,000)|| < t1,

80x1 + 12529 — qto + r]|(80, 125) < ta,

0.2z1 + 0.45z9 — qts + r||(0.2,0.45)|| < t3, (3.15)
1221 + 4a9 > 48, 4x1 4+ 4x9 > 28, 10z + 2025 > 100,

ry—1r>0, z9—72>0, ¢g—r>0, r>0.

Here:

o {1 = 244, t, = 695, and t3 = 2 represent the target values for cost, toxic water, and
accidents, respectively.

e 1 is the radius of the sphere centered at the solution (x1,z2).
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By maximizing r, the solution becomes robust to small variations in the objectives and
constraints. Using optimization software (e.g., MATLAB or Python with optimization libraries),
the robust solution is obtained as follows:

x] =4.245, x5=1289, ¢*=0.087, r*=0.0123.
This solution achieves the following approximate values for each objective:
e Production Cost: 40,000(4.245) + 32,000(2.89) = 244,500 USD.
o Toxic Water Generation: 80(4.245) 4+ 125(2.89) = 695.75 gallons.
e Accidents: 0.2(4.245) + 0.45(2.89) = 2.0.

The radius 7* = 0.0123 reflects the robustness of the solution. It indicates that
small perturbations in cost, water usage, or accident rates will not violate the constraints
or objectives.

4. Discussion

By combining the Min-Max principle with sphere packing, we have successfully addressed
the conflicting objectives of cost minimization, environmental safety, and operational risk.
The solution provides:

1. Optimal trade-offs among the objectives.
2. Robustness to small parameter perturbations, quantified by the sphere radius r.

3. A clear geometric interpretation of the feasible region, which aids decision-makers in
understanding the sensitivity of the solution.

The approach can be extended to other multi-objective problems in industries such as
manufacturing, logistics, and resource management, where robustness is a key concern.

The South-Gobi Mining Company example demonstrates how the combination of the
Min-Max principle and sphere packing theory provides robust, practical solutions for real-
world optimization problems. This method ensures that solutions remain feasible and
optimal under uncertainty, making it a powerful tool for decision-makers operating in dynamic
environments.

5. Conclusions

This paper proposed a novel application of sphere packing theory to multi-parametric
and multi-objective optimization problems. By inscribing spheres within feasible regions, we
derived robust solutions capable of tolerating small perturbations. Future research will explore
applications in nonlinear and stochastic optimization contexts.
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