
Refined L2-decay estimate of solutions to a system of
dissipative nonlinear Schrödinger equations

Naoyasu Kita1,∗, Hayato Miyazaki2, Yuji Sagawa3, and Takuya Sato4

1 Faculty of Advanced Science and Technology, Kumamoto University, Kumamoto, Japan
2 Faculty of Education, Kagawa University, Kagawa, Japan

3 Department of Mathematics, Osaka Metropolitan University, Osaka, Japan
4 Faculty of Advanced Science and Technology, Kumamoto University, Kumamoto, Japan

∗Corresponding author. Email: nkita@kumamoto-u.ac.jp

Abstract. We study the Cauchy problem of a system of dissipative nonlinear

Schrödinger equations. Our target is to obtain a time-decay estimate of the solutions

in L2 without size-restriction on the initial data. By imposing high regularity and

rapid spatial decay on the initial data, we find that the L2-norm of the solutions

decays at the rate of O((log t)−2/5) as t → ∞. It is a refined decay-estimate

compared to former works.
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1 Introduction

In this paper, we consider a Cauchy problem for a system of nonlinear Schrödinger

equations (NLS): {
i∂tu + 1

2∂
2
xu = f(u)

u(0, x) = u0(x),
(1)

where (t, x) ∈ [0,∞)× R and the unknown variable is

u = u(t, x) = (u1(t, x), u2(t, x), · · · , un(t, x))
t ∈ C

n

for n ≥ 1 (the number of entries). The nonlinearity f(u) is assumed to be a C
n-valued

gauge-invariant cubic polynomial of uj and uj (j = 1, 2, · · · , n), i.e.,

f(u) = (f1(u), f2(u), · · · , fn(u))t with fj(u) ∈ C (j = 1, 2, · · · , n), (2)

f(eiθu) = eiθf(u) for any θ ∈ R and u ∈ C
n, (3)

f(ρu) = ρ3f(u) for any ρ > 0 and u ∈ C
n. (4)

The system of nonlinear Schrödinger equations arises in optical fiber engineering [1]. It

describes the evolutions of light pulses (or electric fields) propagating through an optical

fiber, and the solutions u1, u2, · · · , un, or precisely the absolute values of the solutions,

denote enveloping curves of quickly oscillating electric fields. In this model, each of

u1, u2, · · · , un indicates an electric filed oscillating with distinguished frequency. These
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electric fields are interacted with each other under the nonlinearity. The model (1)

contains nonlinear dissipative interaction as well.

The purpose of this paper is to show an L2-decay estimate of the solution to (1)

without assuming size restriction on the initial data u0. In order to remove the size-restric-

tion on the initial data, a structural assumption on the nonlinearity is required, i.e., we

assume that there exists some ρ > 0 such that, for any p = (p1, p2, · · · , pn)t ∈ C
n,

Im

{
pt

(
∂f
∂u

(u)p ± ∂f
∂u

(u)p
)}

≤ −ρ

n∑
j=1

|uj |2|pj |2, (5)

where p = (p1, p2, · · · , pn)t, ∂f/∂u (resp. ∂f/∂u) is a matrix, the jk-entry of which is

given by ∂fj/∂uk (resp. ∂fj/∂uk). We call (5) the strong dissipative condition on the

nonlinearity. We here want to see some examples of f(u) satisfying (2)–(5). In the case

of n = 1, i.e., in the case of single equation, we have f(u) = λ|u|2u with λ ∈ C, Imλ <
0 and |Reλ| < √

3|Imλ| (or equivalently 2|Imλ| − |λ| > 0). In fact, it follows that, for

p ∈ C,

Im

{
p ·

(
∂f
∂u

(u)p± ∂f
∂u

(u)p

)}
= 2Imλ|u|2|p|2 ± Im(λu2p2)

≤ −(2|Imλ| − |λ|)|u|2|p|2,
and we know that ρ = 2|Imλ| − |λ| > 0 satisfies (5). In the case of n = 2, we have

f(u) =
(
λ11|u1|2u1 + λ12|u2|2u1

λ21|u1|2u2 + λ22|u2|2u2

)

with u = (u1, u2)
t, λjk ∈ C (j, k = 1, 2) and

Imλjk < 0,

2|Imλ11| > |λ11|+ 2|λ12|+ |λ21|,
2|Imλ22| > |λ22|+ |λ12|+ 2|λ21|. (6)

Actually it follows that

∂f(u)
∂u

=

(
∂f(u)
∂u1

∂f(u)
∂u2

)
=

(
2λ11|u1|2 + λ12|u2|2 λ12u2u1

λ21u1u2 λ21|u1|2 + 2λ22|u2|2
)
,

∂f(u)
∂u

=

(
∂f(u)
∂u1

∂f(u)
∂u2

)
=

(
λ11u

2
1 λ12u2u1

λ21u1u2 λ22u
2
2

)
,

and so, by Young’s inequality 2|u1||u2||p1||p2| ≤ |u1|2|p1|2 + |u2|2|p2|2 and (6), we

have

Im

{
pt ·

(
∂f
∂u

(u)p ± ∂f
∂u

(u)p
)}

≤ −(2|Imλ11| − |λ11| − 2|λ12| − |λ21|)|u1|2|p1|2
− (2|Imλ22| − |λ22| − |λ12| − 2|λ21|)|u2|2|p2|2.
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Therefore, by taking ρ = min{2|Imλ11| − |λ11| − 2|λ12| − |λ21|, 2|Imλ22| − |λ22| −
|λ12| − 2|λ21|} > 0, we see that the nonlinearity satisfies (5).

Let us next see the known researches on the dissipative and non-dissipative NLS’s.

We first consider the single case, i.e.,{
i∂tu+ 1

2∂
2
xu = λ|u|2u

u(0, x) = u0(x).
(7)

If Imλ = 0 (non-dissipative case), Hayashi-Naumkin [7] proved that, under the smallness

assumption on u0 in some weighted Sobolev space, the solution to (7) decays like

O(t−1/2) as t → ∞ in L∞ and conserves L2-norm – these properties are the same

as the solution to the nonlinearity-free equation. However the asymptotic behavior of

u(t) contains a certain phase correction added to the free profile, i.e., the nonlinear

effect is visible in phase. If Imλ < 0 (dissipative case), Shimomura [27] proved that the

small-data-solutions decay like O(t−1/2(log t)−1/2) in L∞ and decay like o(1) in L2

as t → ∞ – the nonlinear dissipative effect is now visible in the additional logarithmic

decay-rate as well as in the asymptotic leading term. Under some smallness assumptions

on u0, the effect caused by the nonlinear dissipation has been studied not only for (7)

but also for NLS of super-critical and sub-critical power of nonlinearity (see [5,11,19]).

In addition, the derivative type of nonlinearities was studied in [8].

The research on the dissipative NLS has been progressed to solving a problem

of removing the size-restriction on u0. Under the strong dissipative condition on the

nonlinearity, i.e.,

Imλ < 0, |Reλ| ≤
√
3|Imλ|, (8)

Kita-Shimomura [18] obtained ‖u(t)‖L∞ = O(t−1/2(log t)−1/2) and ‖u(t)‖L2 = o(1)
as well as an asymptotic leading term of u(t). In [18], the key to remove the smallness

assumption is to show ‖Ju(t)‖L2 ≤ ‖xu0‖L2 , where J = x + it∂x. The upper

bound of ‖Ju(t)‖L2 is derived by (8), which is the n = 1 version of (5). Thereafter

Hayashi-Li-Naumkin [6] proved that, for u0 ∈ H1 with xu0 ∈ L2, the solution u(t) to

(7) satisfies an L2-decay estimate such as

‖u(t)‖L2 = O((log t)−1/3). (9)

For the initial data of low regularity, see also [9, 10]. The first aim of this paper is to

obtain a better-decay estimate compared to (9) for u0 in more restricted function space.

Cazenave-Naumkin [4] succeeded in removing the strong dissipative condition, and

obtained decay estimate of the solutions in L∞ and L2 under the normal dissipative

nonlinear structure (i.e., only Imλ < 0). In their work, the initial data is assumed to be

of the oscillating form such as

u0(x) = eibx
2

v0(x) (10)

with b > 0 sufficiently large. The idea of their proof is based on the pseudo-conformal

transform of u, for which the effect of nonlinearity is well-extracted and the oscillating
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condition (10) works well. For sub-critical nonlinearities, see also [2, 3, 6, 12]. The

second aims of this paper is to obtain an L2-decay estimate without (10). Recently

Sato [26] has proved that, under (8), the regularity of u0 refines the L2-decay rate.

Precisely speaking, if u0 ∈ Hm and xu0 ∈ Hm−1, then it holds that

‖u(t)‖L2 = O((log t)−1/2+1/(4m+2)). (11)

The estimate (11) suggests that, by taking the regularity m large, the decay rate of

‖u(t)‖L2 is refined. The third aim of this paper is to show a similar L2-decay estimate

for the system of nonlinear Schrödinger equations, with m = 2 and somewhat stronger

spatial-decay condition.

We next introduce some known results on the systems of NLS. In early researches,

the nonlinear dissipation was not considered. Therefore the dynamics of the solutions

was considered only for small-sized data. This is because the estimate of Ju(t), which is

the key to control the error terms, indicated that the growth-rate of ‖Ju(t)‖L2 depended

on the size of initial data. Therefore, to guarantee the rapid decay of the error terms, one

needs restricting the size of data. Anyway, under the smallness assumption of the data,

Katayama-Sakoda [13] considered the case where the nonlinearity contains derivatives

of unknown variables, and proved the asymptotic behavior of solutions by imposing a

certain structural condition on the nonlinearity – it has something to do with the method

of Lyapunov function. In most cases of the systems, it becomes more difficult than in the

case of single equation, to detect a concrete form of the asymptotic behavior term of the

solution, since the well-known technique of gauge-transform of the unknown variables

does not work so well. However, in [13], the asymptotic leading term is described by

a function satisfying the ordinary differential equation associated with the system of

NLS.

System of NLS features solutions of complicated asymptotic behaviors, which are

apparently explained by the ordinary differential equations associated with the NLS

system. Masaki [23] classified types of the 2-component systems of the ordinary differen-

tial equations associated with NLS systems. His work suggests which nonlinearities are

essential for the asymptotic dynamics of nonlinear dispersive equations. For some non-

linearities included in his classification, Masaki-Segata-Uriya [24] and Kita-Masaki-

Segata-Uriya [15] considered coupled NLS, for which the solutions decay more slowly

than those of free Schrödinger equations.

As for the works considering dissipative structures in system, Kim [14] considered

the case of distinct masses (i.e., coefficients of ∂2
x). He proved that the L∞-norm of the

solutions decays like O(t−1/2(log t)−1/2). Li-Nishii-Sagawa-Sunagawa [20] handled

another kind of system, and proved the existence of solutions indicating that one compo-

nent rapidly decays but the other is asymptotically free. The works introduced above

suggest that solutions to the systems of NLS exhibit complicated asymptotic profiles

which are not simply expected by the single NLS. For the case of derivative nonlinearities,

see also [21, 22, 25].

As we have seen above, all of the works on NLS systems imposed the size-restriction

on the data. However, under the strong dissipative condition (5), Kita-Nakamura-Sagawa

[17] proved that, if u0 ∈ H1 and xu0 ∈ L2 without size restriction, there exists a unique
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global solution to (1) such that

u ∈ C([0,∞);H1) ∩ C1([0,∞);H−1), xu ∈ C([0,∞);L2).

Furthermore the L∞-norm decays like

‖u(t)‖L∞ = O(t−1/2(log t)−1/2). (12)

According to [16], the L∞-decay rate O(t−1/2(log t)−1/2) is optimal in the sense that,

if ‖u(t)‖L∞ decays more rapidly than t−1/2(log t)−1/2, then u ≡ 0. In this paper, we

are interested in a decay estimate of the solution in L2 (not in L∞). It is formulated as

follows.

Theorem 1 (L2-decay estimate). Let the nonlinearity f(u) satisfy (2) – (5) and u0 ∈
H2, x2u0 ∈ L2 without size-restriction. Then there exists a unique solution u(t, x) to
(1) such that

u ∈ C([0,∞);H2) ∩ C1([0,∞);L2) and x2u ∈ C([0,∞);L2). (13)

Furthermore u(t, x) satisfies

‖u(t, ·)‖L2 = O((log t)−2/5) (14)

as t → ∞.

We emphasize that the decay rate in (14) is refined, compared to (9). We did not

assume the oscillating form on the initial data as in (10). Note that the decay rate is

similar to that obtained in [26], under the strong dissipative condition (5) for the system.

We want to close this section by introducing some notation. The Lebesgue space Lq

(1 ≤ q ≤ ∞) for Cn-valued functions is defined by

Lq = {u(x) = (u1(x), u2(x), · · · , un(x))
t ; ‖u‖Lq < ∞},

where ‖u‖Lq =
(∫

R
|u(x)|q dx)1/q with |u| = (

∑n
j=1 |uj |2)1/2 if 1 ≤ q < ∞, and

‖u‖L∞ = ess.supx∈R
|u(x)|. The Sobolev space Hm is endowed with

‖u‖Hm =

(
m∑

k=0

‖∂k
xu‖2L2

)1/2

.

The solution operator of the linear Schrödinger equation is denoted by U(t) or exp(it∂2
x/2).

Then U(t) is factorized like

U(t) = MDFM,
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where M = eix
2/2t is the multiplication operator, Df(x) = (it)−1/2f(x/t) and F is

the Fourier transform. The operator J(t) is defined by

J (t) = U (t)xU (−t) = Mit∂xM = x+ it∂x.

Note that J(t) is the infinitesimal generator of the Galilei transformation, and it commutes

with i∂t +
1
2∂

2
x.

The paper is organized as follows. In Section 2, we will collect necessary estimates

of ‖u(t)‖L2 , ‖∂k
xu(t)‖L2 and ‖J(t)ku(t)‖L2 (k = 1, 2). A scale-invariant weighted

estimate will be also proved. By making use of these estimates, we will prove Theorem

1.

2 Preliminary Estimates and Proof of Theorem 1

The next lemma plays an important role in our proof.

Lemma 1. Let u0 ∈ H2 and x2u0 ∈ L2. We assume (2)–(5) for the nonlinearity. Then,
there exists some positive constant C depending on u0 such that, for t ≥ 2, the solution
to (1) satisfies

‖u(t)‖L2 ≤ C, (15)

‖J(t)u(t)‖L2 ≤ C, (16)

‖∂xu(t)‖L2 ≤ C, (17)

‖J(t)2u(t)‖L2 ≤ C(log t)2, (18)

‖∂2
xu(t)‖L2 ≤ C. (19)

Proof (Lemma 1). We will proceed in formal way, which means that we will not

discuss the differentiability of J(t)u, J(t)2u and ∂tu – It is justified by the cut-off

and regularization technique. By (3), we see that

eiθf(u) = f(eiθu).

Differentiating the both hand sides with respect to θ and next substituting θ = 0, we

have

f(u) =
∂f(u)
∂u

u +
∂f(u)
∂u

u.

Then (5) leads to

d‖u‖2L2

dt
= Im

∫ {
ut

(
∂f(u)
∂u

u +
∂f(u)
∂u

u
)}

dx ≤ 0. (20)
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Hence (15) follows. We next prove (16). By J(t) = Mit∂xM and the gauge-invariance

of f(u) (described in (3)), we see that

J(t)f(u) =
n∑

k=1

∂f
∂uk

(u)J(t)uk −
n∑

k=1

∂f
∂ūk

(u)J(t)uk

=
∂f
∂u

(u)J(t)u − ∂f
∂u

(u)J(t)u.

The strong dissipative condition (5) is utilized to estimate Im
{
(J(t)u)t · J(t)f(u)

}
. In

fact, by (5) with p = J(t)u, the solution u satisfies

d‖J(t)u‖2L2

dt
=

∫
Im

{
J(t)u ·

(
∂f
∂u

(u)J(t)u − ∂f
∂u

(u)J(t)u
)}

dx

≤ −ρ1

∫ n∑
j=1

|uj |2|J(t)uj |2 dx

≤ 0.

Therefore, for t ≥ 0, we have (16). The estimate (17) follows by the chain rule such as

∂xf(u) =
∂f
∂u

(u)∂xu +
∂f
∂u

(u)∂xu

and by the analogy for (16). To prove (18), note that

J(t)2f(u) =
∂f
∂u

(u)J(t)2u − ∂f
∂u

(u)J(t)2u

+
∑

1≤k,�≤n

∂2f
∂u�∂uk

(u)J(t)u�J(t)uk − 2
∑

1≤k,�≤n

∂2f
∂u�∂uk

(u)J(t)u�J(t)uk

+
∑

1≤k,�≤n

∂2f
∂u�∂uk

(u)J(t)u�J(t)uk.

Then, by (5) with p = J(t)2u, there exists some positive constant C such that

d‖J(t)2u‖2L2

dt
≤ C‖u‖L∞‖J(t)u‖L∞‖J(t)u‖L2‖J(t)2u‖L2 . (21)

Apply Gagliardo-Nirenberg’s inequality to ‖u‖L∞ and ‖J(t)u‖L∞ . Then we have

‖u‖L∞ = ‖Mu‖L∞

≤ C‖Mu‖1/2L2 ‖∂xMu‖1/2L2

= Ct−1/2‖u‖1/2L2 ‖J(t)u‖1/2L2

and

‖J(t)u‖L∞ = ‖MJ(t)u‖L∞

≤ C‖MJ(t)u‖1/2L2 ‖∂xMJ(t)u‖1/2L2

= Ct−1/2‖J(t)u‖1/2L2 ‖J(t)2u‖1/2L2 .
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By (15) and (16), we see that

‖u‖L∞ ≤ Ct−1/2 and ‖J(t)u‖L∞ ≤ Ct−1/2‖J(t)2u‖1/2L2 . (22)

Applying (22) to (21) , we have

d‖J(t)2u‖2L2

dt
≤ Ct−1‖J(t)2u‖3/2L2 .

Then Gronwall’s inequality leads to

‖J(t)2u‖L2 ≤ C(log t)2,

and (18) is proved. We are next going to prove (19). We first consider the estimate of

‖∂tu‖L2 . By applying ∂t to (1) and making use of the strong dissipative condition (5)

with p = ∂tu, it follows that

d‖∂tu‖2L2

dt
=

∫
Im

{
∂tu ·

(
∂f
∂u

(u)∂tu − ∂f
∂u

(u)∂tu
)}

dx

≤ −ρ1

∫ n∑
j=1

|uj |2|∂tuj |2 dx

≤ 0.

Hence we have

‖∂tu‖L2 ≤ ‖∂tu(t)|t=0‖L2

= ‖ − 1

2
∂2
xu0 + f(u0)‖L2

≤ C(‖u0‖H2 + ‖u0‖3L2). (23)

By (1), we find that

‖∂2
xu‖L2 ≤ 2‖∂tu‖L2 + 2‖f(u)‖L2

≤ 2‖∂tu‖L2 + C‖u(t)‖3H1 .

Then (23), (15) and (17) yield (19).

To determine the L2-decay rate of the solution, the next scale-invariant weighted

estimate will be required.

Lemma 2. (Scale-invariant weighted estimate) Let u ∈ L2 and x2u ∈ L2. Then there
exists some positive constant C such that

‖u‖L1 ≤ C‖x2u‖1/4L2 ‖u‖3/4L2 . (24)
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Proof (Lemma 2). Proof. By Cauchy-Schwarz’ inequality, it is easy to see that

‖u‖L1 ≤ C‖(1 + |x|2)u‖L2

≤ C
(‖u‖L2 + ‖x2u‖L2

)
. (25)

We here take uη(x) = ηu(ηx) for η > 0. Note that ‖uη‖L1 = ‖u‖L1 . Then (25) leads

to

‖u‖L1 ≤ C
(
η1/2‖u‖L2 + η−3/2‖x2u‖L2

)
. (26)

By taking η =
√
3‖x2u‖1/2L2 /‖u‖1/2L2 , the right hand side of (26) is minimized, and we

have

‖u‖L1 ≤ C

(
4 · 4√3

3
‖x2u‖1/4L2 ‖u‖1/4L2

)
. (27)

It completes the proof.

Now we are in the position to prove the L2-decay estimate.

Proof (Theorem 1). The local well-posedness of the solution is easily proved by the

contraction mapping principle in the function space:

XT = {u; sup
0≤t≤T

(‖u(t)‖H2 + ‖J(t)2u(t)‖L2) < ∞}.

Then Lemma 1 guarantees the global existence of the solution, and (13) follows. By the

identity (20) and strong dissipative condition (5), we have

d‖u‖2L2

dt
≤ −ρ1

n∑
j=1

∫
|uj |4 dx

≤ −ρ1
n

∫
|u|4 dx

= −ρ1
n
‖u‖4L4 ,

where Cauchy-Schwarz’ inequality: n
∑n

j=1 |uj |4 ≥ |u|4 was applied. We next apply

Hölder’s inequality: ‖u‖L2 ≤ ‖u‖1/3L1 ‖u‖2/3L4 , and we have

d‖u‖2L2

dt
≤ −ρ1

n
· ‖u‖6L2

‖u‖2L1

.

Applying Lemma 2 to the divisor on the right hand side, we see that

d‖u‖2L2

dt
≤ −ρ1

n
· ‖u‖9/2L2

‖x2u‖1/2L2

. (28)
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Since x2 = (J(t)− it∂x)
2, the divisor is estimated as

‖x2u‖L2 ≤ ‖J(t)2u‖L2 + t‖J(t)∂xu‖L2

+ t‖∂xJ(t)u‖L2 + t2‖∂2
xu‖L2 . (29)

Note that the self-adjointness of J(t) leads to

‖J(t)∂xu‖2L2 =

∫
J(t)∂xu · J(t)∂xu dx

=

∫
∂xu · J(t)2∂xu dx

= −
∫

∂2
xu · J(t)2u dx− 2

∫
∂xu · J(t)u dx

≤ ‖∂2
xu‖L2‖J(t)2u‖L2 + 2‖∂xu‖L2‖J(t)u‖L2 ,

and similarly

‖∂xJ(t)u‖2L2 ≤ ‖∂2
xu‖L2‖J(t)2u‖L2 + 2‖∂xu‖L2‖J(t)u‖L2 .

Then, by applying Young’s inequality, (29) leads to

‖x2u‖L2 ≤ C(1 + t)‖J(t)2u‖L2 + C(t+ t2)‖∂2
xu‖L2

+ Ct(‖∂xu‖L2 + ‖J(t)u‖L2).

By Lemma 1, it turns out to be

‖x2u(t)‖L2 ≤ C(1 + t2). (30)

Applying (30) to (28), we see that

d‖u‖2L2

dt
≤ −C(1 + t)−1‖u‖9/2L2 ,

or, equivalently,

d‖u‖−5/2
L2

dt
≥ 5C(1 + t)−1. (31)

Integrating (31) from 0 to t, we see that

‖u‖−5/2
L2 ≥ ‖u0‖−5/2

L2 + 5C log(1 + t),

and hence it holds that

‖u‖L2 ≤ C(log(1 + t))−2/5.

It completes the proof of Theorem 1.
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3 Discussion

In Theorem 1, we showed an L2-decay estimate of the solution to the system of dissipative

nonlinear Schrödinger equations (1). A remarking point is that a smallness assumption

is not imposed on the initial data. Thanks to assuming a stronger regularity condition on

the initial data, the decay rate is refined compared to Hayashi-Li-Naumkin’s estimate

[6]. In L2, we can see not only the decay of hight of the wave but also the propagation

speed of the wave. Since the dispersive effect means that the component of high frequency

propagates in rapid speed, the regularity of the data will make the wave slowly propagate

and the nonlinear dissipation largely affects the L2-decay.

Funding

The work of the first author was financially supported by JSPS grant-in-aid for Scientific

Research (C) #23K03168. The work of the second author was financially supported

by JSPS grant-in-aid for Early-Career Scientists #22K13941. The work of the fourth

author was financially supported by JSPS grant-in-aid #23KJ1765 and JSPS grant-in-aid

for Early-Career Scientists #22K13937.

Acknowledgments

This work was partly supported by Osaka Central Advanced Mathematical Institute

(MEXT Joint Usage/Research Center on Mathematics and Theoretical Physics JPMXP-

0619217849), Osaka Metropolitan University. The first and fourth authors thank the

organizers of ICASE 2023 for giving an opportunity to attend the conference organized

in Mongolian University of Science and Technology (MUST).

References

1. G. P. Agrawal, Nonlinear Fiber Optics, 6th ed., Academic Press, 2019.

https://doi.org/10.1016/B978-0-12-817042-7.00018-X

2. T. Cazenave and Z. Han, Asymptotic behavior for a Schrödinger equation with

nonlinear subcritical dissipation, Discrete Contin. Dyn. Syst., 40 (2020), pp. 4801-4819.

https://doi.org/10.3934/dcds.2020202

3. T. Cazenave, Z. Han and I. Naumkin, Asymptotic behavior for a dissipative

nonlinear Schrödinger equation, Nonlinear Anal., 205 (2021), 112243, 37 pp.

https://doi.org/10.1016/j.na.2020.112243

4. T. Cazenave and I. Naumkin, Modified scattering for the critical nonlinear Schrödinger

equation, J. Funct. Anal., 274 (2018), pp. 402-432. https://doi.org/10.1016/j.jfa.2017.10.022

5. N. Hayashi, E. I. Kaikina and P. I. Naumkin, Large time behavior of solutions to the

generalized derivative nonlinear Schrödinger equation, Discrete Contin. Dynam. Systems,

5 (1999), pp. 93-106. https://doi.org/10.3934/dcds.1999.5.93

6. N. Hayashi, C. Li and P. I. Naumkin, Time decay for nonlinear dissipative

Schrödinger equations in optical fields, Adv. Math. Phys. Art. ID 3702738, 7 (2016).

https://doi.org/10.1155/2016/3702738



N. Kita, H. Miyazaki, Y. Sagawa and T. Sato

7. N. Hayashi and P. I. Naumkin, Asymptotics for large time of solutions to the

nonlinear Schrödinger and Hartree equations, Amer. J. Math., 120 (1998), pp. 369-389.

https://doi.org/10.1353/ajm.1998.0011

8. N. Hayashi, P. I. Naumkin and H. Sunagawa, On the Schrödinger equation with

dissipative nonlinearities of derivative type, SIAM J. Math. Anal., 40 (2008), pp. 278-291.

https://doi.org/10.1137/070689103

9. G. Hoshino, Dissipative nonlinear Schrödinger equations for large data in one space

dimension, Communications on Pure and Applied Analysis, 19 (2020), pp. 967-981.

https://doi.org/10.3934/cpaa.2020044

10. G. Hoshino, Asymptotic behavior for solutions to the dissipative nonlinear Schrödinger

equations with the fractional Sobolev space, Journal of Mathematical Physics, 60 (2019),

111504. https://doi.org/10.1063/1.5125161

11. G. Hoshino, Scattering for solutions of a dissipative nonlinear Schrödinger equation, J.

Differential Equations, 266 (2019), pp. 4997-5011. https://doi.org/10.1016/j.jde.2018.10.016

12. G. Jin, Y. Jin and C. Li, The initial value problem for nonlinear Schrödinger equations with a

dissipative nonlinearity in one space dimension, Journal of Evolution Equations, 16 (2016),

pp. 983-995. https://doi.org/10.1007/s00028-016-0327-5

13. S. Katayama and D. Sakoda, Asymptotic behavior for a class of derivative

nonlinear Schrödinger systems, Partial Differ. Equ. Appl., 1 (2020), Paper No.12.

https://doi.org/10.1007/s42985-020-00012-4

14. D. Kim, A note on decay rates of solutions to a system of cubic nonlinear

Schrödinger equations in one space dimension, Asymptotic Analysis, 98 (2016), pp. 79-90.

https://doi.org/10.3233/ASY-161362

15. N. Kita, S. Masaki, J. Segata and K. Uriya, Polynomial deceleration for a system of cubic

nonlinear Schrödinger equations in one space dimension, Nonlinear Analysis, TMA, 230

(2023), 113216, 22 pp. https://doi.org/10.1016/j.na.2023.113216

16. N. Kita, Y. Nakamura and Y. Sagawa, Optimal L∞-decay rate of solutions to a system of

cubic dissipative nonlinear Schrödinger equations, Proceeding of the 14th ISAAC Congress

at University of Sao Paulo, Brazil, to appear.

17. N. Kita, Y. Nakamura and Y. Sagawa, Decay and asymptotic behavior of solutions to a system

of cubic dissipative nonlinear Schrödinger equations, preprint.

18. N. Kita and A. Shimomura, Large time behavior of solutions to Schrödinger equations with

a dissipative nonlinearity for arbitrarily large initial data, J. Math. Soc. Japan, 61 (2009), pp.

39-64 . https://doi.org/10.2969/jmsj/06110039

19. N. Kita and A. Shimomura, Asymptotic behavior of solutions to Schrödinger equations with

a subcritical dissipative nonlinearity, J. Differential Equations, 242 (2007), pp. 192-210.

https://doi.org/10.1016/j.jde.2007.07.003

20. C. Li, Y. Nishii, Y. Sagawa, H. Sunagawa, Large time asymptotics for a cubic nonlinear

Schrödinger system in one space dimension, Funkcialaj Ekvacioj, 64 (2021), pp. 361-377.

https://doi.org/10.1619/fesi.64.361

21. C. Li and H. Sunagawa, Remarks on derivative nonlinear Schrödinger systems with multiple

masses, Adv. Stud. Pure Math., 81 (2019), Mathematical Society of Japan, Tokyo, pp.

173-195 .

22. C. Li and H. Sunagawa, On Schrödinger systems with cubic dissipative

nonlinearities of derivative type. Nonlinearity, 29 (2016), pp. 1537-1563.

https://doi.org/10.1088/0951-7715/29/5/1537

23. S. Masaki, Classification of a class of systems of cubic ordinary differential equations, J.

Differential Equations, 344 (2023), pp. 471-508. https://doi.org/10.1016/j.jde.2022.11.001

24. S. Masaki, J. Segata and K. Uriya, Asymptotic behavior in time of solution to system of

cubic nonlinear Schrödinger equations in one space dimension, To appear in Proceedings of



L2-decay of the solution to dissipative NLS

the workshop ”Mathematical Physics and its Interactions” Proceedings in Mathematics &

Statistics series by Springer.

25. D. Sakoda and H. Sunagawa, Small data global existence for a class of quadratic derivative

nonlinear Schrödinger systems in two space dimensions, J. Differential Equations, 268

(2020), pp. 1722-1749. https://doi.org/10.1016/j.jde.2019.09.032

26. T. Sato, Large time behavior of solutions to the critical dissipative nonlinear

Schrödinger equation with large data, J. Evol. Equ., 22 (2022), 59, 27.

https://doi.org/10.1007/s00028-022-00815-5

27. A. Shimomura, Asymptotic behavior of solutions to Schrödinger equations with

dissipative nonlinearities, Comm. Partial Differential Equations, 31 (2006), pp. 1407-1423.

https://doi.org/10.1080/03605300600910316

This article is an open access article distributed under the terms and 
conditions of the Creative Commons Attribution (CC BY) license.  
https://creativecommons.org/licenses/by/ 4.0/).  

© The Author(s). 2024 Open access. 




