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Abstract. In this paper, we consider a multiplicative optimal control problem
subject to a system of linear differential equation.It has been shown that product
of two concave functions defined positively over a feasible set is quasiconcave.
It allows us to consider the original problem from a view point of quasiconvex
maximization theory and algorithm. Global optimality conditions use level set
of the objective function and convex programming as subproblem. The objective
function is product of two concave functions. We consider minimization of the
objective functional. The problem is nonconvex optimal control and application
of Pontriyagin’s principle does not always guarantee finding a global optimal
control. Based on global optimality conditions, we develop an algorithm for
solving the minimization problem globally.
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1 Introduction

We consider the following multiplicative optimal control minimization problem:

i £ ((T)) - (a(T)) (L.
#(t) = A(t)z + B(t)u(t) + C(t) )
x (tg) = 2° :
u eV ={ue Li([to, T])|u(t) € U, t€ [to,T]} (1.3)
where to and T are given with —oo < tg < T < 400, 7 = [21,...,2,]7 € R",

u(t) € [ui(t),uz(t),...;u.(t)]T € R" are respectively, the state and control, and
elements of the matrix valued functions A(t) € R"*", B(t) € R"*" and C(t) € R"*!
are piecewise continuous on [tg,T]. Let U C R" be a compact and convex subset.
The above problem has many applications in engineering and economics. For instance,
a problems of maximizing advertising efficiency [13] and an efficiency of average
productivity are formulated as a multiple programming. There are numerous methods
in the literature for solving problem (1.1)—(1.3) in a finite dimensional space. Problem
(1.1)—(1.3) has been considered in a finite dimensional case in [2, 3,7, 11, 15, 18, 22] for
the case when f is concave and ¢ is convex. We formulate problem(1.1) as a terminal
multiplicative nonconvex optimal control and then we reduce it to a quasiconvex
maximization so that we could apply a result in [5].

We call problem (1.1)—(1.3) as the multiplicative optimal control minimization problem.
It is well known that [17, 19, 8] the solution of system (1.2) can be written as:
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x(u,t) = F(t, to)x° + / F(t,7) [B(m)u(r) + C(7)]dr (1.4)

to

where, F'(t,7) € R™*™ is the fundamental matrix solution of the matrix equation

{BFE(;?T) — A()F(t,7), t>71 € [to,T) (1.5)

F(r,7)=1

Here, I denotes the identity matrix. Note that x (u,t¢) is an absolutely continuous
vector-valued function of the time ¢. Define the reachable set of system (1.2) with
respecttou € U.

D=D(T)={ye R"ly=xz(u,t), ucU}. (1.6)

It is known that D C R™ is a convex set [19]. Then multiple optimal minimization
control problem can written as

min ¢ (2(T)) = f(2(T)) - g((T)). (1.7

Finally, assume that f, g : D — R are concave on D. Also, f(-) and g(-) are supposed
to be differentiable and positive defined on D.

The rest of the paper is organized as follows. Multiple optimal control minimization
problem with the linear controlled system of differential equations has been considered
in Section 2. In Section 3, an algorithm based on approximation of reachable set is
given.

2 Multiplicative optimal control minimization problem

Definition 1. [4] A function ¢ : D — R is said to be quasiconcave on a convex set
DcCR"

¢ (ax + (1 - a)y) > min{p(z), p(y)}

is satisfied for all v,y € D and o € [0,1]. If  is quasiconcave then —¢ is called
quasiconvex.

Theorem 1. [2] A function f : D — R is quasiconvace on D if and only if the set
Le(f) = {z € Dlp(x) > ¢}
is convex for all c € R.

Consider a problem of minimizing the product of two concave funtions

minp=rf-g
zeD
where f, g : D — R are positive defined concave functions on a convex set D C R™.

Lemma 1. [2] The function o is quasiconcave on D C R™.

Proof. Define the set L.(¢) :

Le(p) = {z € lp(x) = ¢}
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for all positive ¢ € RT.

We show that L.(¢) is convex. Take points 2,y € L.(¢) and o € [0, 1].

Then p(az + (1 — a)y) > ap(x) + (1 — a)p(y) and means that
ar+ (1 —a)y € L.(p), ¢>0.

Now we are ready to formulate global optimality conditions for problem (1.7)

On the other hand, problem (1.7) can be treated equivalently, as a quasiconvex
maximization problem

mei]]l)}(ga) = —max(—p) = —maz P(x) 2.1)

where, §(x) = —p(x).

From Lemma 1, it is clear that the function ¢ (z(+)) is quasiconvex on D. Thus, problem
(1.7) is a quasiconcave minimization problem while problem (2.1) is an equivalent
quasiconvex maximization problem. Now, we shall apply the global optimality conditions
[5] to Problem (2.1).

Theorem 2. [5] Let
Eg»(®) ={y € R"[p(y) = 9(2)} (2.2)

Conditions
@),z —y) <0 (2.3)

holds for all y € Eg(.)(®) and x € D, where @’ denotes the gradient. In addition, if
o' (y) v 0 hold for all y € E(.)(®), then, condition (2.3) is a sufficient condition for
z € D'to be a global solution to problem (2.1).

Lemma 2. Suppose that for any feasible points x,y € D such that the inequality
@W),z—y) >0
holds. Then, B(x) > P(y).
Proof. On the contrary, assume that p(z) < ®(y). Since ¥ is quasiconvex, we have
? (az + (1 — a)y) < max{B(z),5(y)} = B(y)

By Taylor’s formula, there is a neighborhood of the point ¥ on which

Ply+alz—y) o) = (<<p’(y),x —y)+ olerfle ~ yll) y”)) <0,

«

for sufficiently small o > 0, where

L olalle =yl
a—0 «

=0.

Therefore, (¢’ (y),x —y) < 0 which contradicts (¥’ (y),z —y) > 0. This completes
the proof.

Let u* be an admissible control which is a global optimal control to problem (1.7) and
let =* be the corresponding solution of system (1.2). Introduce an auxiliary function
I1(y) defined by

I(y) = gleag@’(y), r—vy), yeRr" (2.4)

Then, based on Theorem 2, we can derive the global optimality conditions for Problem
(1.7) in the following theorem.
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Theorem 3. A control w* €V is a global optimal control to problem (1.7) if and only
if
max { I (y)|y € Ep)(p)} <0 (2.5)

where ©* = x*(u*,T) € D(T).

Proof. The validity of Theorem 3 is equivalent to that of the optilimality condition
(2.3).

From Theorem 3, we can conclude that if there exist a process (Z, ) and § € Eyz)(¢)
such that

(¥ (@),2-9) >0 (2.6)

then the control @ is not a global optimal control to problem (1.7), where & = x (@, T'),
g = y(a,T) and 4,u € V. Before we formulate an algorithm for solving problem
(1.7), we need to compute I1(y) for any y € R". First, we consider the linear optimal
control problem

glgg@’(y), ). (2.7)

Consider the following system of differential equations for a given y € R".

v =—ATy
{wm - P W) 28

This system, which is known as the adjoint system, has a unique piecewise differentiable
solution ¥ (t) = y (y, t) defined on [to, T, where ¥ (t,y) = [1h1(£), -+ ,Un(t)]". (1)
is referred to as the adjoint variable. Problem (1.7) can be solved by using the results
presented in the following theorem.

Theorem 4. [3] Let ¢(t) = (y,t), t € [to, T) be a solution of the adjoint system (2.8)
Sfory € R™ An admissible control z(t) = z(y,t) is an optimal control to Problem
(1.7), then it is necessary and sufficient that

W (y,1), B(t)z (y,1)) = min(y (y, ), B(t)u(t)) (2.9)

ueV
for almost every t € [to, T).

On the basis of Theorem 4, the value I7(y) can be computed by using the following
algorithm.

Algorithm OPTLIN

1. Solve the adjoint system (2.8) for a given y € R". Let () = ¢ (y,t) be the
solution.
2. Find the optimal control z(t) = z (y, t) as a solution of the problem

min(v (t), B(t)u)
at each moment of ¢ € [to, T'.
3. Find a solution z(t) = z (z,t) of system (1.2) for u(t) = z (y,t).
4.Find 2(T) = 2 (2,T) by (4) with t = T.
5. Compute I1(y) by the formula I7(y) = (@' (y), z(T) — y).
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3 Approximation set

We use the following definition introduced in [6].

Definition 2. For a given integer m, let A7 be the set defined by
A"zn = {ylﬂyQa"' ’y’ITL|y’L € EE(Z)(@) ﬂD,z = 1a27"'am}
Then, it is called an approximation set, where z = x(u,T), u € V.

Lemma 3. Suppose that there exist a feasible point z € D and a point y* € A™ such
that

@ ), v’ —y7) >0

then B(u?) > B(=), where (¢ (y7),u) = max(? (1), ).

Proof. The proof follows from Lemma 2.

Based on the properties of quasiconvexity of $(+) and global optimality conditions, we
propose an algorithm for solving the problem (1.7). The algorithm which differs from
Algorithm 2 [6] in finding a local optimal control may now be written as follows.

Algorithm OPTGL

Step 1. Let k := 0 and let @* € V be an arbitrary given control. Starting with the
control ¥, we find a local optimal control u* by using the optimal control software
OPTCON [9, 10].

Step 2. Find z* = 2 (uk, T) by solving system (1.2) for u = u*.

Step 3. Construct the approximation set A7} as follows:

Az?ﬂ = {y17y27 e 7ym|yi € EE(CM”)(@) N ‘D(T)7 i = 1727 cee 7m} .
Step 4. Solve the linear optimal control problems

7 (y),x), i=1,2,....,m.
xg}%)w(y)@ i m

Step 5. Compute I1(y'),i = 1,2,...,m, by Algorithm 1.
Step 6. Compute 7y:

e = II(y’) 121%%17(@/),

let 27 = 27(y’,t) be the solution of the problem:

(¥ (1), B(t)2?) = min(y’ (t), B(t)u), t € [to, T],

uelU
where

{1/}7 () = —AT ()9 (1)
PI(T) = —%'(y)

Step 7. If . < 0 then terminate. u* is a global approximate solution; otherwise, go
to next step.
Step 8. Set @**1 := 27 (y7,t) and k := k + 1. Then, go to step 2.
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Lemma 4. Suppose that there is a point Yy € AT for uk € D(T) such that
@ (W), (7, T)—y’) > 0, where 27 satisfies (7' (y7),2(/, T)) = max (F'(y’),).

z(T)eD(T)

Then, it holds that

?(z(x),T)) > (xk(zk, T))
Proof. From Lemma 2, we have

@), 2z, T) —y") >0
thus
?(2(,1) 29 (1) =9 («" ("), T)

This completes the proof.

Theorem 5. If g, > 0 forall k = 1,2,...,s, the sequence {J(uk)} constructed by
Algorithm OPTGL is a monotonic increasing sequence, i.e.,

JWr) > J@Wh), k=1,2,...,s

where J(u*) = (z(u”,T)).

4 Conclusions

Multiple optimal control minimization problem has been considered. The problem is
nonconvex and reduces to a quasiconvex maximization problem in a finite dimensional
space via the reachable set of the system. For solving the maximization problem we
used the global optimality conditions [S]. We propose the Algorithm OPTGL based
on these conditions. Subproblems of Algorithm OPTGL are linear optimal control
problems which make the algorithm easily implementable. Numerical implementation
will be discusseal in a next paper.
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